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Notations and basics



Computational imaging systems: quantities of interest

e == \/ariables of interest

e 7z € RM: data/measurements.

Remote sensing Physics, Biology.... e X €& RN : unknown ima ge.

& - e X € RY: estimated image.

== Forward model:
z = D(AX)

7N

degradation Linear operator
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Computational imaging systems: quantities of interest

= Variables of interest
e 7z € RM: data/measurements.
e X € RY: unknown image.

e X € RY: estimated image.

== Forward model:
z = D(AX)
7N
degradation Linear operator
= |nverse model:
X =de(z)

= Goal: Estimate X close to X from the information included in z,

from the full or partial knowledge of A, from noise statistics D,

and from a priori knowledge on the class of image to recover. 5




Vector representation of an image

Image = matrix of pixels x e RN1xV2

In what follows: image = vector x € RN with N = NN,



Basics about A: blur

z=AX & z=¢x*X
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Basics about A: blur

z=AX & z=¢xX
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Basics about A: high-pass filtering




Basics about A: high-pass filtering




Hadamard conditions (1902)

[ The problem z = AX is said to be well-posed if it fulfills the |

Hadamard conditions :
1. existence of a solution,
i.e. the range A of A is equal to RM,
2. uniqueness of the solution,
i.e. the nullspace ker A of A is equal to {0},
3. stability of the solution X relatively to the observation,
ie. (V(z,7) € (RM)?)

lz—72|| =0 = |x(z) —x(Z)||—0.




Hadamard conditions (1902)

[ The problem z = AX is said to be well-posed if it fulfills the |
Hadamard conditions :

1. existence of a solution,
i.e. every vector z in RM is the image of a vector x in RY,
2. uniqueness of the solution,

i.e. if X(z) and X'(z) are two solutions, then they are
necessarily equal since X(z) — X'(z) belongs to ker A,
3. stability of the solution X relatively to the observation,

i.e. ensure that a small perturbation of the observed image
leads to a slight variation of the recovered image.




Inverse model X = dg(z) when z = AX+ ¢

== [1922] Maximum likelihood (Fisher).

1
X € Argmin §HAX —z||2 = (A*A) 1A%z

= (A*A)71A* (AT + ¢)
=X+ (A*A) 1A%
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== [1922] Maximum likelihood (Fisher).
1
X € Argmin §||AX —z||2 = (A*A) 1A%z

= (A*A)"'A*(Ax +¢)
=X+ (A*A)~'A*e



Inverse model X = dg(z) when z = AX+ ¢

=) [1922] Maximum likelihood (Fisher).
X € Arg}fnin %”AX —z||2 = (A*A) 1A%z
= (A*A)T1A* (AT +¢)
=X+ (A*A)"1A*e

)+

| I.||I i;ﬁ‘ﬁl. |

e ~ N(0,0.05 x Id)
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=) [1922] Maximum likelihood (Fisher).
& € Argmin %HAX )2 = (A*A) A%
= (A*A)T1A* (AT +¢)
=%+ (A*A)"1A%




Inverse model X = dg(z) when z = AX+ ¢

=) [1922] Maximum likelihood (Fisher).
X € Argxmin %”AX — 7|3 = (A*A) 1A%z
= (A*A)'A*(Ax +¢)
=X+ (A*A)"1A*e




Inverse model X = dg(z) when z = AX+ ¢

=) [1922] Maximum likelihood (Fisher).
X € Argxmin %”AX — 7|3 = (A*A) 1A%z
= (A*A)1A*(AZ +¢)
=X+ (A*A)"1A*e

e ~N(0,0 x Id)



Inverse model X = dg(z) when z = AX+ ¢

== [1922] Maximum likelihood (Fisher).

X € Argxmin %HAX —z||2 = (A*A) 1A%z
== [1963] Regularisation (Tikhonov, Huber)

ﬁeArg)Znin %HAX—ZH%—FGHLXH% avec 6 >0
== [2000] Sparsity (Donoho, Daubechies-Defrise-DeMol,...)

~ .
X € Argmin §HAX — z||2 + 6||Lx]|,



Regularized approaches




Piecewise constant denoising: 7z =X+ ¢ with ¢ = N(0,021d)

e Minimisation problem

/

Lx =19 *xx

0>0

~

= .1 g
X(z;0) = arg min —||x —z||3 + 6 ||Lx|le where
x€RN 2

e Linear denoising

w=[1 <] I-le=Il-13 ;Large0  w=[1 —1]; [-fla=1-13 ; Small 6



Piecewise constant denoising: 7z =X+ ¢ with ¢ = N(0,021d)

e Minimisation problem
Lx =9 *x

R(z: 0) = arg Hlln Hx — 7|3+ 6 ||Lx|ls where
6>0

e Linear denoising

w=[1 <1 I-le=I-13 ;Largeo  w=[1 —1]; lI-lla=1-IB ; Small6

¢ Nonlinear denoising

L=t —1]and [l fls =1I- Il w=[1 1] and - fle =1l Il



Piecewise constant denoising: z =x4 ¢ avec ¢ = N(0,021d)

e Minimisation problem
Lx=19Yx*xx

N 1 )
X(z:0) = arg min —||lx — z||5 + 0 ||Lx||le where
(50) = arg i 3 213 + 0[] S

¢ Nonlinear denoising: piecewise constant/linear

p=[1 —1] and |-l =1" I v=[1 =2 1] and||- o=l

10



Wavelets denoising: z = X + ¢ with e = N/(0, 0%Id)

1 level wavelet decomposition

11



Wavelets denoising: z = X + ¢ with e = N/(0, 0%Id)

2 levels wavelet decomposition

11



Wavelets denoising: z = X + ¢ with e = N/(0, 0%Id)

z ¢=Wz softg(Wz) X=W*softy(Wz)

softg(¢) = (max{|¢;| — c9,0}sign((i))iEQ — Wty

== Soft-thresholding
1
— argmin = v — ¢[3 + 8w
v 2 -
/ A <,

12
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Wavelets denoising: z = X + ¢ with e = N/(0, 0%Id)

z ¢=Wz softg(Wz) X=W*softy(Wz)

softg(¢) = (max{|¢;| — H,O}sign((i))ieﬂ

o1
= argmin = |lv — ¢|f5 + 0]|v|y
v 2

X = Wsofty(Wz)

1 ;
= arg min 5 Ix — z|3 + 0] Wx||,
* 12



Inverse model X = dg(z) with z = AX+ ¢

~ .
X € Argmin, §||AX — 2|2 + \||Lx]|.
MAP Bayesian interpretation | (likelihood / prior)

X € Argmin, .o fi1(Ax,2) + A fo(Lx)

-

Constraint Data fidelity Regularisation

13



Inverse model X = dg(z) with z = AX+ ¢

o . B
X € Argmin, §||AX — 2|2 + A||Lx]|.
MAP Bayesian interpretation | (likelihood / prior)

X € Argmin, . f1(Ax,2) +HAf2(Lx)

Minimisation algorithm o
Hyperparameter(s) estimation:

<+ = p(xlk) SURE, GCV, MCMC,...

13



Maximum A Posteriori (MAP)

4 )

Maximum A Posteriori (MAP)
Let x and z be random vector realizations X and Z.

X € Argmax Hx|Zz=7(X)
XGR‘N A/_’

Posterior distribution

14



Maximum A Posteriori (MAP)

4 )

Maximum A Posteriori (MAP)
Let x and z be random vector realizations X and Z.

X € Argmax Hx|Zz=7(X)
XGR‘N A/—/
Posterior distribution
Bayes rule:

max _(X) < max - ©
max Bx|Z=2(X) max fzx=x(2) - px (%)

& min { —log(117x=x(2)) — log(ux (x))}

14



Maximum A Posteriori (MAP)

4 )

Maximum A Posteriori (MAP)
Let x and z be random vector realizations X and Z.

X € Argmax Hx|Zz=7(X)
XGR“V A/_/

Posterior distribution

Bayes rule:
e 1x|z=z(X) & e pz1x=x(2) - px (%)
& min { —log(uzx=x(2)) —log(ux(x))}
x€R! ~—_———
Data-term A priori

& ity fales) - bl

14



Data-fidelity term: Gaussian noise

[ (v € BY)  fi(x) = ~Iog(pz1x—(2) |

e Let z=Lx+ ¢ with e ~ NV (0, ald) with a > 0.
e Gaussian likelihood:

M X — Z 2
- T o 0057

e Data-term:

ii5)



Data-fidelity term: Poisson noise

[ (vx eRY)  fi(x) =— log (171 x=x(2)) ]

e Let z =D, (LX) where D, Poisson noise with parameter .

e Poisson likelihood: M

() = [ 220 (1

zp!

n=1

e Data-term: fi(x) = Zﬁil W, (Lx)y)
av — zy log(aw) if z, >0 and v > 0,
(Vv eR) Y,(v) =1 av si z, =0 and v >0,
400 otherwise.

16



Bayesian interpretation

[ (vx € RY)  fo(x) = —log(ux(x))) ]
0.1 H
1 —Diagonal coefs.
- -Laplacian fit
- -Gaussian fit

0,05+

_ 0 == g : =
¢ =Lx -40 -20 0 20 40

Wavelet coefficients Probability density function

17



Context: image restoration

Synthesis formulation Analysis formulation
% = L*C with L € RPXN

o~ 1 * - .1
e Argm1n§\|AL ¢ —zl3 4 AC]|e X € Argm1n§||AX — 2|3 4 ALx|l
C X

= Equivalence for L orthonormal basis.
[Elad, Milanfar, Ron, 2007; Chaari, Pustelnik, Chaux, Pesquet, 2009;
Selesnick, Figueiredo, 2009; Carlavan, Weiss, Blanc-Féraud, 2010;

Pustelnik, Benazza-Benhayia, Zheng, Pesquet, 2010.

18



Context: image restoration

Synthesis formulation Analysis formulation
% = L*C with L € RPXN

o~ 1 * - .1
e ArgmlniHAL ¢ —zl3 4 AC]|e X € Argm1n§||AX — 2|3 4 ALx|l
C X

= Equivalence for L orthonormal basis.
o X-lets e Horizontal /vertical gradients: TV
e Sparse coding e Hessian operator
e Nonlocal total variation: weighted
nonlocal gradients: NLTV

e Local dictionaries of patches
[webpage L. Duval; Aharon, Elad, Bruckstein, 2006; Mairal, Sapiro, Elad, 2007;

Gilboa, Osher, 2008; K Bredies, K Kunisch, T Pock, 2010; Jacques, Duval, Chaux,
Peyré, 2011; S Lefkimmiatis, A Bourquard, M Unser,2011; Zoran, Weiss, 2011; G

Kutyniok, D Labate, 2012; Chierchia et al.,2014; Boulanger et al., 2018;. . ] 18



Subdifferential,
Proximity operator,
Proximal algorithms




From smooth to non-smooth optimization to solve X € Argmin f(x)
X

Gradient descent

\.

1) = M (K]

f (Forward) subgradient descent

< = <k Wk where ulf € T(‘)f(x[k’])

\.

[ (Backward) subgradient descent

k1]

:X[

M —ulf where ul e 7 af(xlk+1])

19



Subdifferential

' N

Let f : H — be a proper function.
The Moreau subdifferential of f, denoted Of, is such that:

of : H — 27
x> {ueH[(Vy e H) (y —xu) + f(x) < f(y)}

s F(y) sl
fx) + <y - x| u)

A\

20



Subdifferential

' N

Let f : H — be a proper function.
The Moreau subdifferential of f, denoted Of, is such that:

of : H — 27
x = {ue M| (vy € H) (y —xu) + f(x) < f(y)}
[ Fermat rule: 0€0f(x) & Xe€Argmin f(x) ]

Forward subgradient descent

xEH) = <] — ylf where ulfl € 7o f(x*)

20



Proximity operator

Definition [Moreau,1965] Let f: H —| — oo, +0o0] be a proper, l.s.c, and
convex function. The proximity operator of f at point x € H is the unique
point denoted proxx such that

1
(Vx € H) ProX ;X = arg ?271_} 5 Ix = v||> + f(v)

== Numerous closed forms are available

e prox, ., = P¢: Projection onto a convex set.
® proxy).|,: soft-thresholding with threshold 6 > 0.

e Full list available:

21


http://proximity-operator.net/

Wavelets denoising: 7z = X + ¢ with ¢ = N(0,

zZ =Wz
softg(¢) = (max{|¢;| — G,O}sign(gi))iGQ

o1 .
= argmin > ||v — [[5 + 0||v|h
v 2

softg(Wz)

= Identity
== Soft-thresholding

-\

X=W*softy(Wz)

J

22



Wavelets denoising: 7z = X + ¢ with ¢ = N(0,

z ¢=Wz softg(Wz) X=W*softy(Wz)

= (max{|¢;| — 6, O}»sign((i))iGQ

1 . = Identity v
argmin —|lv — ¢ Hé +0||lv1 — Softhreshalding /
v 2
= PIroxy|.|, (¢) — proximity operator 2

i

»n
o)
=
=
B
~
Z
|

22



Wavelets denoising: 7z = X + ¢ with ¢ = N(0,

z ¢=Wz softg(Wz) X=W*softy(Wz)

= (max{|¢;| — 6, O}»sign((i))iGQ

»n
o)
=
=
B
~
Z
|

o1 :
arg min §HI/ —<¢lI3 +0llv|

= Pproxy.|, (¢) — proximity operator

X = Wsofty(Wz)

1
= argmin - x — 2[3 + 0 Wil = proxgp., (2) 2



Proximity operator

Let H be a Hilbert space and f € T'o(H).

(Vx € H) p=proxs(x) <« x—p€eaf(p).

23



Proximity operator

Let H be a Hilbert space and f € T'o(H).

(Vx € H) p=proxs(x) <« x—p€eaf(p).

e Proof:

: 1 1
p=agmin /(1) +5ly—x° & 0ed(f+ 5l —xI*)®)
yEH 2 2

& 0€df(p)+p—x

23



Proximity operator

Let H be a Hilbert space and f € T'o(H).

(Vx € H) p=proxs(x) <« x—p€eaf(p).

e Proof:

: 1 1
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& 0€df(p)+p—x
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Proximity operator

~

[ Let 74 be a Hilbert space and f € T'o(H).

(Vx € H) p=proxs(x) <« x—p€eaf(p).

[ Backward subgradient descent = Proximal point algorithm

xlH) = M ylfl where ulfl € 7o £ (xF1)

= ProX; ¢ (X[k] )

23



Proximal algorithm to solve X € Argmin f

Key tool — Proximity operator

Backward subgradient descent: x**! = xFl_ylfl where ul*l € 7o £ (x[F+1))

— prox, ; (xI)

== Proximity operator of the /; norm = soft-thresholding

= Identity ’
— Soft-thresholding , 4
’
’
’
A /
4 A

24



Proximal algorithm to solve X € Argmin f(x)

Key tool — Proximity operator
Backward subgradient descent: x*+1 = xI*ly[fl where ul*l € 7o £ (x[F+1))

= prox,; (X[k]>

== Proximity operator of the /1 norm = soft-thresholding

=% Denoising (L orthon. basis): X = prox .|, (z) = L*soft,s(Lz)

z u=Lz soft ¢(Lz)



Proximal algorithm to solve X € Argmin f(x)

Key tool — Proximity operator
Backward subgradient descent: x**! = xFl_ylfl where ul*l € 7o £ (x[F+1))

— prox, ; (xI)

== Proximity operator of the /; norm = soft-thresholding
=% Denoising (L orthon. basis): X = prox .|, (z) = L*soft,s(Lz)

== Numerous closed forms:

24



Proximity operator: examples

~

( Projection:
Let H be a Hilbert space. Let C be a nonempty closed convex
subset of H.

1 .
(Vz e H) prox, . (z) = argminiHy —z|* = Po(x).
yel

25



Proximity operator: examples

~

rPower q function with ¢ > 1 :
Let § >0, g € [1,400] and f: R —: n— 0|£]9.
Then, for every £ € R,

sign (&) max{|¢| — 6,0} if ¢ =

E+ 555 ((e— Y2 — (e+Y?)
where € = /€2 + 25603 /729 ifg=73
3

prox,§ = 4 &+ %_%WO VLT 1‘?”%') fa=2
e
. \/m 1 if ¢ =
sign 660 "~
(st e )1/3 (%) 13 where ¢ — E2+1/(270) ifq=4

26



Proximity operator: examples

Power ¢ function with ¢ > 1 and 6 = 2.

olf T =1
g=4/3
g=3/2
g=2

—q=3

— q=4

L




Proximity operator: examples

Quadratic function:
Let Ae RM*N > (0and 2z €.

f=7lA —z[?/2 = prox; = (Id+7AA)7!(-+ TA™2).

28



Proximity operator: properties

Let H and G be two Hilbert spaces. Let f € To(H)and L € B(G,H)
such that LL* = pld where g > 0. Then

prox o, = Id — 7 'L* o (Id — prox,,) o L.

29



Proximity operator: properties

Let H and G be two Hilbert spaces. Let f € I'o(H) and L € B(G,H)
such that LL* = pld where g > 0. Then

prox o, = Id — 7 'L* o (Id — prox,,) o L.

Proof: LL* = uld == L = H is closed, hence V = (L*) = (ker L)+

is closed. The orthogonal projection onto V' is

Py = L¥(LL*) 'L = p 'I*L.

For every = € H,

p = prox;,z & x —p €= 9J(f oL)(p) = L*9f(Lp) (since L = H).
Thus, x —pe V.

It can be deduced that Pyip=Pyix =2 — Pyox =2 — pu~ 'L*La.
Furthermore,

r—p € L*9(Lp) = Lz — Lp € pdf(Lp) < Lp = prox,,;(Lx).

We have thus Pyp = = 'L*Lp = = 'L*prox,,; (Lz) and

p=Pyp+ Pyip=a— p~'L*(Id — prox,)(Lz). 29



Proximity operator: properties

Let H and G be two Hilbert spaces. Let f € To(H)and L € B(G,H)
such that LL* = pld where g > 0. Then

prox o, = Id — 7 'L* o (Id — prox,,) o L.

Particular cases:
e L=W: WW* = W*W = Id,
then

prox oy = Wprox ;W

29



Proximity operator: properties

Let H and G be two Hilbert spaces. Let f € To(H)and L € B(G,H)
such that LL* = pld where g > 0. Then

prox o, = Id — 7 'L* o (Id — prox,,) o L.

Particular cases:

oL =W: WW* = W*W = Id,
then

prox oy = Wprox ;W

%

z u= Wz softg(Wz) % = W*softg(Wz) 2



Proximity operator: properties

Let H and G be two Hilbert spaces. Let f € To(H)and L € B(G,H)
such that LL* = pld where g > 0. Then

proxs.p, = Id — p L o (Id — prox,,s) o L.

Particular cases:
e L=W: WW* = W*W = Id,
then

prox oy = Wprox ;W

oL =F: F*F = uld, then
Prox pop« = Id — ptF o (Id — prox,, ) o F*

29



Proximal algorithm to solve X € Argmin f

X

Key tool — Proximity operator
Backward subgradient descent: x**! = x[F — ul* where ul*l € 78 f(xlF+!

— prox, ; (x)

== Proximity operator of the /; norm = soft-thresholding

= Identity ’
— Soft-thresholding , 4
’
’
’
A /
4 A

30



Proximal algorithm to solve X € Argmin f(x)

X

Key tool — Proximity operator
Backward subgradient descent: x*+1 = xI* _ ulkl where ul¥l € 79 f(x*+?

— prox, ; (x)

== Proximity operator of the /1 norm = soft-thresholding

=% Denoising (L orthon. basis): X = prox .|, (z) = L*soft,s(Lz)

z u=Lz soft ¢(Lz)



Proximal algorithm to solve X € Argmin f(x)

X

Key tool — Proximity operator
Backward subgradient descent: x**! = x[F — ul* where ul*l € 78 f(xlF+!

— prox, ; (x)

== Proximity operator of the /; norm = soft-thresholding
=% Denoising (L orthon. basis): X = prox .|, (z) = L*soft,s(Lz)
== Numerous closed forms:

= ... but also more complex operations: proxy | ¢, Proxy,p,.

30



Proximal algorithm to solve X € Argmin f(x)

X

Key tool — Proximity operator
Backward subgradient descent: x**! = x[F — ul* where ul*l € 78 f(xlF+!

— prox, ; (x)

== Proximity operator of the /; norm = soft-thresholding
=% Denoising (L orthon. basis): X = prox .|, (z) = L*soft,s(Lz)
== Numerous closed forms:

= ... but also more complex operations: proxy | ¢, Proxy,p,.

Forward-backward algorithm — X € Argmin f;(x) + f2(x)

xlk1 — Prox, s, (X[k} - TVfl(X[k}) )




Proximal algorithms

== Minimisation problem :

[ % € Argmin f1(x) + f2(x) ]

with f1 and fy either diff. with Lipschitz gradient or proximable.

== Design of a recursive sequence of the form:
(Vk e N)  xlFH = Tx[*

Gradient descent T=Id—7(Vfi+ V)

Proximal point T = prox, (4 )

Forward-Backward T = prox, g, (Id — 7V f1)
Peaceman-Rachford T = (2prox, s, —Id) o (2prox,, — Id)

Douglas-Rachford T = prox, 4, (2prox, s, — Id) +Id — prox, 4,
31



Proximal algorithms

~

General objective function S

Find X € Argmin Z fi(H;x)

x€H j=1

where H; denotes a linear operator from H to G; and (f;j)1<;j< belong to

the class of convex, I.s.c., and proper from G; to ] — 00, +0].

\. J

32



Proximal algorithms

~

General objective function S

Find X € Argmin Z fi(H;x)
x€H j=1 ( (

where H; denotes a linear operator from H to G; and (f;j)1<;j< belong to

the class of convex, I.s.c., and proper from G; to ] — 00, +0].

\. J

e Numerous proximal algorithms

- Forward-Backward
- Douglas-Rachford W
- ADMM mg,»;”:;z“‘:;:"?;?TTLWILIHQQ‘M

- Primal-dual ... Number of articles per year on
Google scholar containing
“maximum  algorithms”  since

1997. 32



Evolution of image restoration results: blur + Gaussian noise

DTT (16.6 dB) TV (19.0 dB) NLTV (19.4 dB)
Wavelets Finite diff Improved finite diff



Data: z
\
‘Forward model‘ z = D(AX)
0 1
‘ Cost function dcsign‘ X(z;0) € Argmin f1(x;2)+ 60 f2(x)

4 ) l

‘ Minimisation algorithm‘ k1] — Tylk]
‘ L

‘ Parameter(s) selection ‘ f € Argmin|[x — (z; 0) 12

0

4

Estimation: X(z;6)

34



Towards deep learning

Data: z Data: z

‘ Forward model ‘

-

‘ Cost function design ‘ 1

1 Deep learning

‘ Minimisation algorithm ‘
1

‘ Parameter(s) selection ‘

L !

~ o~

Estimation: X(z;6) Estimation : X(z;60)

85



Inversion model X = dg(z)

= [1922] Maximum likelihood (Fisher).

X € Arg;{min %HAX —z)|2 = (A*A) 1A%
== [1963] Regularisation (Tikhonov, Huber)

X € Arg;(min %HAX—Z”g—FQHLng avec 60 >0
== [2000] Sparsity (Donoho, Daubechies-Defrise-DeMol,...)

X € Argmin %HAX 4l + || L]l
== [2010] “End to end” neural networks

X = NNg(z)
== [2020] Model-based neural network: PnP, unrolled, ...
0 € A"(AXx —2z) + B(X) 36



Inversion model X = dg(z)

Deep learning — General framework
e Dataset : S = {(X¢,z¢) € RNV xRM | £ e TU T}
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Inversion model X =

Deep learning — General framework
e Dataset : S = {(Xs,2) € RV xRM | £ €TUT}
e training set (Xg,7¢)eer With size T

° with size J

e Prediction function: de(z¢) = n'*! (VV[K] o (wz, + bl

e Linear operators: wil wi o Wi
e Activation functions:  ntl yf . pl¥]
e Bias: bt bl K]

= 0 ={wit wiE pltl  pEh

Lt b[K])
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Inversion model X = ¢

Deep learning — General framework
e Dataset : S = {(Xs,2) € RV xRM | £ € TU T}
e training set (Xg,7¢)ecr With size T

° with size J

e Prediction function: de(z¢) = n'*! (VV[K] oz, £y 4 b[K])

= @ ={Wl . WK pll  plE}

~ 1
e Learn parameters: © € Argmin@ﬁ Z%HE(m;,d@(z())
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Inversion model X = ¢

Deep learning — General framework
e Dataset : S = {(Xs,2) € RV xRM | £ € TU T}
e training set (Xg,7¢)ecr With size T

° with size J

e Prediction function: de(z¢) = n'*! (VV[K] oz, £y 4 b[K])

= @ ={Wl . WK pll  plE}
~ o1 -
e Learn parameters: © € Argmln@ﬁ Z%HE(x,;,d@(z{))

° . A properly trained network must satisfy

(Veel) xo~dg(z)
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Inversion model X = : Unrolled

Deep learning — general framework
o Dataset : S = {(X¢,z¢) e RN x RM | r € {1,...,1}}
e Prediction function: de(z.) = n*1(WXI . gt (Wltlz, + bl .+ plK)

\. J

Unrolled scheme — Building an informed neural network
e Analysis variational formulation: min 3|/ Ax — z||3 + 0||Lx| .
X
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e Forward-backward algorithm:
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Inversion model X = dg(z): Unrolled

Deep learning — general framework
o Dataset : S = {(X¢,z¢) e RN x RM | r € {1,...,1}}
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Unrolled scheme — Building an informed neural network
e Analysis variational formulation: min 3|/ Ax — z||3 + 0||Lx| .
X
e Forward-backward algorithm:

B = prosc g (Xm — rA*(Axl — Z))

e Unrolled (proximal) Neural Network:

X[k’+l]: PrOXﬁHL-H* ( Id — TA*A X[k] + TA*Z >

nl#! WA bl#] 3
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Inversion model X = ¢ : Unrolled

Deep learning — general framework
o Dataset : S = {(X¢,z¢) e RN x RM | r € {1,...,1}}
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Inversion model X = dg(z): Unrolled

Deep learning — general framework
o Dataset : S = {(X¢,z¢) e RN x RM | r € {1,...,1}}
e Prediction function: de(z;) = n!"I (W pll(Witz, + by L4 bIE))

\.

Unrolled scheme — Building an informed neural network
e Synthesis variational formulation: min 3 ||AL*u — z||3 + 6||ul|.
u
e Forward-backward algorithm:

ult+1 = ProX.g|., (u[k] — 7LA*(AL*ul® — z))

e Unrolled (proximal) Neural Network:

ulk 15 PIOX,g|. ., ( Id — TLA*AL* ull +|  7LA*z

nl#! WIE] bl#]




Inversion model X = dg(z): Plug-and-Play (PnP)

( Deep learning — General framework
e Dataset : S = {(X;,z;) e RV xR |ie {1,...,1}}

e Prediction function : NNg(z;) = X! (W’[K] ooy, ety b[K])

\. J

Variational versus plug-and-play approach
e Analysis variational approach : min % ||Ax — z||3 + 6||Lx||.
X

e Forward-backward algorithm:
xlEH = ProX,g|L.|, ( xF — rA*(Ax[F] — 2) )
e Plug-and-Play algorithm:

xlf+H1 = NNg ( x* — 7A*(AxH — 7))
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Performance summary

Original Degraded Tikhonov DTT
SNR =134dB SNR =16.4 dB

NLTV PnP-DRUnet PnP-ScCP
SNR = 18.8 dB SNR = 19.4 dB SNR = 20.0 dB SNR = 20.2 df8



Summary of the history of image reconstruction

(Focus on reconstruction methods)

Sparsity

Regularisation

. Rudin | | Daubechies
Foundations Osher Defrise

Fatemi De Mol

l Huber Geman Donoho LeCun

\\l\\l\\ll\

1900 1920 1960 1980 2000 2010 2020
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