Multiscale analysis in image processing

Proximal algorithms

Barbara Pascal’ and Nelly Pustelnik?
bpascal-fr.github.io/talks

June 2025

T Nantes Université, Ecole Centrale Nantes, CNRS, LS2N, F-44000 Nantes, France
¥ CNRS, ENSL, Laboratoire de physique, F-69342 Lyon, France

FONDATION
—— — a— SO EETRCIN)

I\l Nantes — - — DEL DUCA

U UniverSité ENS DE LYON INSTITUT DE FRANCE


https://bpascal-fr.github.io/talks/

Proximal algorithms

== Minimisation problem :

[ % € Argmin f1(x) + f2(x) ]

with f1 and fy either diff. with Lipschitz gradient or proximable.

== Design of a recursive sequence of the form:
(Vk e N)  xlFH = Tx[*

Gradient descent T=Id—7(Vfi+ V)

Proximal point T = prox, (4 )

Forward-Backward T = prox, g, (Id — 7V f1)
Peaceman-Rachford T = (2prox, s, —Id) o (2prox,, — Id)

Douglas-Rachford T = prox, 4, (2prox, s, — Id) +Id — prox, 4,



Fixed point algorithm: zeros and fixed points

~

Let 7 be a Hilbert space. Let ®: H — 2% and T: H — 2%,
The set of fixed points of T is : FixT = {x € H|x € Tx}.
The set of zeros of @ is : zer® = {x € H|0 € ®x}.

\ J

Minimisation problem and Fermat rule

X € Argmin f(x) & Vf(X)=0 & x€ezerVf
x€RN
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Let 7 be a Hilbert space. Let ®: H — 2% and T: H — 2%,
The set of fixed points of T is : FixT = {x € H|x € Tx}.
The set of zeros of @ is : zer® = {x € H|0 € ®x}.

\ J

Minimisation problem and Fermat rule

X € Argmin f(x) & Vf(X)=0 & x€ezerVf
x€RN

Fix point and zeros for gradient descent:

XeFix(Id—Vf) & x=10d-Vf)X & x€zerVf

\ J

Remark: T=1d -V fand ® =Vf 2




Fixed point algorithm: convergence

e )

Let 7 be a Hilbert space, (x/¥),cy be a sequence in H and X € H.

° (x[’f])kEN converges strongly to X if
lim || — x| = 0.
k—

It is denoted by x/* — x.

o (x/*),cn converges weakly to X if

(Vu e H) lim (u,x* —%) = 0.

n—inf

It is denoted by x[¥ — %

\ J

Remark: In a finite dimensional Hilbert space, strong and weak

convergences are equivalent. 3



Banach-Picard theorem

[T: H — H is w—Lipschitz continuous for some w > 0 if ]

(Vx € H)(Vu € H) [Tx — Tu|| < wl|x —u]l.

[T is nonexpansive if it is 1—Lipschitz continuous. ]

Letw € [0,1], T: H — H be a w—Lipschitz continuous operator, and x e .

Set
(Vk e N)  x[F+1) = xKl,

Then, FixT = {X} for some X € H and we have

(Vk e N) ||xI* — 5| < w¥|x0 — ||

Moreover, (x[*!),cn converges strongly to X with linear convergence rate w .



Averaged nonexpansive operator

~

rAn operator T: ‘H — H is u—averaged nonexpansive for some p € 10, 1]
if, for every x € H and u € H,

1i
1T = TulP < x— u]® (“) 1(1d — T)x — (1d - T)ul.
1

r

T is firmly nonexpansive if it is 1/2—averaged.

\.

[T is nonexpansive if and only if T is 1—averaged. ]

Let u € ]0,1[, let T: H — H be a p—averaged nonexpansive operator such
that FixT # &, and let x[% € #. Set
(Vk e N)  x[F+1) = xK,

Then (x*)pcn converges weakly to a point in FixT . 5



Nonlinear operators

Properties of f T w-Lipschitz p-averaged
f convex Id—7Vf w=1 = %3
V f B-Lipschitz 7€ (0,267

f p-strongly convex Id—7Vf w=max{(1—7p), (78 -1} | p=3¥
V f B-Lipschitz 7€ (0,267

f el prox, , w=1 W= é
T>0

f p-strongly convex prox_; w=14+7p)7?! = HT“
>0

[Taylor, J. M. Hendrickx, and F. Glineur, 2017]
[Bauschke,Combettes,2017]



Strong convexity

[Let f €To(H). fis p-strongly convex with p > 0 if f—5]|-||3 is convex. ]

Properties:

e If f is p-strongly convex then

(Vz,y e H)  (Vf(z)=Viyle—y) >plz—yl?

o If f is twice differentiable, then f is p-strongly convex if and
only if all the eigenvalues of the Hessian matrix of f are at

most equal to p.



Gradient descent X € Argmin, gn

Let f € I'o(RY) differentiable with a j3-Lipschitz gradient. We set, for
some 7 > 0,
T:=Id-7Vf

e Iterations: (Vk € N) x[F+1 = [kl — 7v f(x[k]).



Gradient descent X € Argmin, g

Let f € I'o(RY) differentiable with a j3-Lipschitz gradient. We set, for
some 7 > 0,
T:=Id-7Vf

e Iterations: (Vk € N) x[F+1 = [kl — 7v f(x[k]).

e Forevery 7 > 0, zerV f = FixT.



Gradient descent X € Argmin,

Let f € I'o(RY) differentiable with a j3-Lipschitz gradient. We set, for

some 7 > 0,
T:=Id-7Vf

e Iterations: (Vk € N) x[F+1 = [kl — 7v f(x[k]).
e Forevery 7 > 0, zerV f = FixT.
e T=1Id—7Vfisa 73/2-averaged operator.

— cf. Proposition 4.39 in [Bauschke-Combettes, 2017]



Gradient descent X € Argmin,

Let f € I'o(RY) differentiable with a j3-Lipschitz gradient. We set, for

some 7 > 0,
T:=Id-7Vf

Iterations: (Vi € N) xF+1] = x[kl — 7v f(x[k]).

e Forevery 7 > 0, zerV f = FixT.

T =1d -7V is a 73/2-averaged operator.
— cf. Proposition 4.39 in [Bauschke-Combettes, 2017]

e Convergence: For every 7 € }0, 281 [ the gradient method
converges to a point in zerV f.



Proximal Point Algorithm (PPA) X € Argmin, g f(x)

Let f € To(RY). We set, for some 7 > 0,

T := prox,;

e lterations: (Vk € N) xIF+1 = pr()xﬁ",f(x[]“’]).



Proximal Point Algorithm (PPA) X € Argmin, gn f(x)

Let f € To(RY). We set, for some 7 > 0,

= Prox,s

e lterations: (Vk € N) xIF+1 = pr()xﬁ",f(x[]“’]).
o For every 7 > 0, FixT = zerdf.
Proof:
x = prox, ;x < x € (I+70f)x
S xex+70f(x)
< 0e€df



Proximal Point Algorithm (PPA) X € Argmin, gn f(x)

Let f € To(RY). We set, for some 7 > 0,

T := prox,;

e lterations: (Vk € N) xIF+1 = pr()xﬁr,f(x[]“’]).
o For every 7 > 0, FixT = zerdf.
e For every 7 >0 and any f € I'g(H), prox, ; is 1/2-averaged.

— cf. s.10 or Proposition 23.8 in [Bauschke-Combettes, 2017]



Proximal Point Algorithm (PPA) X € Argmin, gn f(x)

Let f € To(RY). We set, for some 7 > 0,

T := prox,;

Iterations: (Vk € N) x[F+1] = pr()xﬁr,f(x[]"]).
o For every 7 > 0, FixT = zerdf.
e For every 7 >0 and any f € I'g(H), prox, ; is 1/2-averaged.

— cf. 5.10 or Proposition 23.8 in [Bauschke-Combettes, 2017]

The PPA method converges to a point in zerdf.



FB algorithm X € ArgminxeRN{f(x) = f1(x) + fo (\)}

Objective Let fi: RN — R a convex, proper and f-Lipschitz dif-
ferentiable function and fy € To(R"Y). We set, for some 7 > 0,

T := prox, 4, o (Id = 7V f1)

o lterations: (Vk € N) x[F+1 = Prox, g, M — 7v £ (xF)Y).

10



FB algorithm X € Argmin,

Objective Let fi: RN — R a convex, proper and f-Lipschitz dif-
ferentiable function and fo € To(RY). We set, for some 7 > 0,

T :=prox, s, o (Id =7V f1)

o lterations: (Vk € N) x[F+1 = Prox, g, M — 7v £ (xF)Y).

e Roots in projected gradient method [Levitin 1966] when g = v for some
closed convex set C.
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FB algorithm X € ArgnlinXeRN{f(x) = f1(x) + fo (\)}

Objective Let f1: RY — R a convex, proper and f-Lipschitz dif-
ferentiable function and f, € FO(RN). We set, for some 7 > 0,

T :=prox, 4, o (Id =7V f1)

e lterations: (Vk € N) x"**! = prox_, (x" — 7V f1 (x*])).
e For every 7 > 0, zer(V f1 + 9g) = FixT.
Proof:
x € FixT & (Id = 7V fi)x € (Id 4+ 79 f2)x

< 0€ Vi(x)+ af2(x).

10



FB algorithm X € Argmin

Objective Let fi: RN — R a convex, proper and f-Lipschitz dif-
ferentiable function and fo € To(RY). We set, for some 7 > 0,

T :=prox, s, o (Id =7V f1)

x[FH1 — prox, M — 7v £ (xF)Y).

e For every 7 > 0, zer(V f1 + 9g) = FixT.

e lterations: (Vk € N)

o prox ;. (Id — 7V f1) is p-averaged nonexpansive Where = %
with pz = 74/2 and p1 = 1/2 leading to p = 5— 73/2 €]0, 1] and
T <2/B.

10



FB algorithm X € Argmin

Objective Let fi: RY — R a convex, proper and f-Lipschitz dif-
ferentiable function and f, € FO(RN). We set, for some 7 > 0,

T :=prox,4, o (Id = 7V f1)

e lterations: (Vk € N) x**! = prox_, (x" — 7V f1 (x*])).

e Forevery 7 > 0, zer(V f1 + 9g) = FixT.

e prox ;. (Id — 7V f1) is p-averaged nonexpansive where = %
with g2 = 74/2 and p11 = 1/2 leading to 1 = 5— 7;3/2 €]0,1[ and
T < 2/B.

e For every 7 € ]0,2/4], the FBS converges to a point in zer(V fi + df2).

10



FB algorithm X € Argmin,gn {f( () = fi(x) + fa(x )}

~

Objective Let f;: RY — R a convex, proper and -Lipschitz differentiable
function and f> € To(RY). We set, for some 7 > 0,

T := prox,p, o (Id = 7V f1)

11



FB algorithm X € Argmin,gn {f( () = fi(x) + fa(x )}

Objective Let f;: RY — R a convex, proper and $-Lipschitz differentiable

function and fy € To(RY). We set, for some 7 > 0,

T :=prox, s, o (Id =7V f1)

J

\.

o (xI*),cn converges to a minimiser X of f

o (f(x[’d))keN is a non-increasing sequence converging to f(X).

~

[Combettes & Wajs, 2005]: Let (x¥1),cn be a sequence generated
by the FB algorithm. Let 0 < 7 < 237!, Then

12



FB algorithm X € Argmin,gn {f( () = fi(x) + fa(x )}

Objective Let f;: RY — R a convex, proper and $-Lipschitz differentiable
function and fy € To(RY). We set, for some 7 > 0,

T :=prox, s, o (Id =7V f1)

[Bricefio-Arias & Pustelnik, 2005]

If additionally, fi is p-strongly convex . Suppose that 7 € }(),26‘1[.
Then T is w(7)—Lipschitz continuous with

w(7) :=max {|1 —7p[,|1 — 78|} €]0,1

12



FB algorithm X € Argmin,gn {f( () = fi(x) + fa(x )}

Objective Let f;: RY — R a convex, proper and $-Lipschitz differentiable
function and fy € To(RY). We set, for some 7 > 0,

T :=prox, s, o (Id =7V f1)

[Bricefio-Arias & Pustelnik, 2005]

If additionally, fi is p-strongly convex . Suppose that 7 € }(),26‘1[.
Then T is w(7)—Lipschitz continuous with

w(7) :=max {|1 —7p[,|1 — 78|} €]0,1

12



FB algorithm X € Argmin,gn {f( () = fi(x) + fa(x )}

Objective Let f;: RY — R a convex, proper and $-Lipschitz differentiable
function and fy € To(RY). We set, for some 7 > 0,

T :=prox, s, o (Id =7V f1)

[Bricefio-Arias & Pustelnik, 2005]

If additionally, fi is p-strongly convex . Suppose that 7 € }0,26‘1[.
Then T is w(7)—Lipschitz continuous with

w(7) :=max {|1 —7p[,|1 — 78|} €]0,1

In particular, the minimum is achieved at

2 —
" =—— and w(T")= P L
p+B "



FB algorithm X € Argmin,gn {f( () = fi(x) + fa(x )}

Objective Let f;: RY — R a convex, proper and $-Lipschitz differentiable
function and fy € To(RY). We set, for some 7 > 0,

T :=prox, s, o (Id =7V f1)

[Bricefio-Arias & Pustelnik, 2023][Bricefio-Arias , 2025]

If additionally, fs is p-strongly convex . Suppose that 7 € }(),26‘1]
Then T is w(7)—Lipschitz continuous with
€10,1[.
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FB algorithm X € Argmin,gn {f( () = fi(x) + fa(x )}

Objective Let f;: RY — R a convex, proper and $-Lipschitz differentiable
function and fy € To(RY). We set, for some 7 > 0,

T :=prox, s, o (Id =7V f1)

[Beck & Teboulle, 2009]

Suppose that 7 € ](),/3_1} and let (x[k’])kEN the sequence generated by
x(F+1) = Txl¥ Then,

Y gy < Bndo g
FH) — £8) < SN - %]

12



FB algorithm X € Argmin,

Objective Let f;: RY — R a convex, proper and -Lipschitz differentiable
function and f> € To(RY). We set, for some 7 > 0,

T := prox,p, o (Id = 7V f1)

Convergence may be slow in practice...
Use Nesterov acceleration (inertia)
Use second order information (preconditioning)
Use multilevel strategy

What if prox,, , does not have a closed form?
Use sub- |terat|ons (e.g. dual FB algorithm)
Use more advanced methods (e.g. primal-dual algorithms)

13



What is inertia?

4 )
L/

Goal: Inertia aims to use information from the previous iterate(s) (x*1);, <} to
build the next iterate x[*+1],

Why? Use memory to go faster!

[ For FB we have:
(vk € N)  xIF+1 = T (x¥) where T), = prox,, o (Id — 7V f1)

Introducing inertia would lead to

(Vk e N) xIFH = Tp(xq,...,xk)

QUESTION: How to choose T?

REMARK: In general 1~'k only depends on (X[]“],Xk,l) to avoid memory issues

14



Particular case: Inertia for GD algorithm

Let fo = 0. In this case proxy, = Id.
The path taken by the iterates (X[""])k,eN is determined by the opposite of the
gradient direction:

(vk e N) < =xF 7 v (xH)

Acceleration: Nesterov-type accelerated GD algorithm [Nesterov, 83]
(Vk € N) xH = gyl _ 2w p (y1)  with 7 €]0,1/8]
Vil = x4 oy (X[k+1] — Xg)

ii5)



Particular case: Inertia for GD algorithm

Let fo = 0. In this case proxy, = Id.
The path taken by the iterates (X[k])keN is determined by the opposite of the
gradient direction:

(Vk e N) xlFt1 =xF _ 7, v 1 (x[F])
Acceleration: Nesterov-type accelerated GD algorithm [Nesterov, 83]
(VkeN)  xFH =y _7g y*)  with 7 €]0,1/8]

Vetl = xFH 4 o (X[k+1] — Xp)

Each iteration takes nearly the same computational cost as GD

not a descent method (i.e. we may not have f (x*+1) < 7, (x[*1))

ii5)



Inertial FB

Inertial FB

For k=0,1,...
Let v €]0,1/0]
x[k+1] = Prox,, r, (y[k] -1V fi (y[k])>
It = b1y (xR

r

e [Beck and Teboulle, 2009]
Adopt the inertia (momentum) strategy proposed by Nesterov

1+ /TF 402
2

0, — 1
ap =

ith Opy1 =
Ok 41 WI .

e [Chambolle and Dossal, 2015]

Different rule
i d
ap = O — 1 with  Ox41 = (k +a)
Ok+1

with d €]0,1] and a > max{1, (2d)*/%}. 1



Convergence of Inertial FB

e w

Let (x!*])pen be generated by FB iterations with 7 €]0,571].
(f(x[¥1)).en converges to f(X) at the rate O(1/k):

FO) — (%) < 20— g2

\. J

e w

Let (x!*))cn be generated by Inertial FB .
(f(x!¥1)) e converges to f(X)at the rate O(1/k?):

FEM) — f®) < =2

(k+1)2

17



Convergence of Inertial FB

e w

Let (x!*])pen be generated by FB iterations with 7 €]0,571].
(f(x[¥1)).en converges to f(X) at the rate O(1/k):

FO) — (%) < 20— g2

\. J

e w

Let (x!*))cn be generated by Inertial FB .
(f(x!¥1)) e converges to f(X)at the rate O(1/k?):

FEH) — f®) < TEE =2

\. J

Proof: A complete proof is provided in [Beck and Teboulle, 2009].

17



Convergence of Inertial FB

Let (x!*])pen be generated by FB iterations with 7 €]0,571].
(f(x[¥1)).en converges to f(X) at the rate O(1/k):
: -~ B <
FO) — (%) < 20— g2

\. J

4 w

Let (x!*))cn be generated by Inertial FB .
(f(x!¥1)) e converges to f(X)at the rate O(1/k?):

FEM) — f®) < =2

(k+1)2

Improved convergence speed:

FB: f(x!*) — f(X) =~ O(1/k)
FISTA: f(x*) — f(X) = O(1/k?)

(Almost) Same computational complexity per iteration as FB

Issue : Convergence guarantees of the sequence (x*l),cy ? 17



Convergence of Inertial FB

Let (x!*])pen be generated by FB iterations with 7 €]0,371].
(f(x[¥1)).en converges to f(X) at the rate O(1/k):
P — (%) < 20— 32

\.

7

(x*) e be generated by Inertial FB .
x*))pen converges to f(X) at the rate O(1/k?):

Let
( 2
fEE — f(®) < m”x[ol —-x|?

(f

\.

Let (x[k])k,eN be generated by Inertial FB with Chambolle-Dossal rule ay

bta)® with d €]0,1] and a > max{1, (2d)"/%}

Br—1 . _
9kk+1 with 6 = ( -
Then the sequence (X[k])keN converges to a minimiser of f.

17



Duality




Minimization problem

( Find

X € Argmin, cpn f1(x) + fa(x) + g(Lx)
e fi:RY — R is convex and B-Lipschitz differentiable

i f2 S F()(]RN)
® gc FQ(RM) and L € RMxN

rUse FB algorithm ?
For k=0,1,...
{ xlF+1) = DPOX. (1, ¢ gol,) (xlF) — 7V f1 (xM))

\

How to compute prox, s, 407
» Use primal-dual methods

18



Conjugate function

r

The conjugate of a function f: RY —] — oo, +0oc] is the function

f* defined as
—  [—00,400]

]RAN
= Supyerny (x| 1) — f(x)

u

Ik

Graphical illustration: f*(u) is the supremum of the signed
vertical distance between the graph of f and that of the

continuous linear functional -u

\gra f |
/




Conjugate function

The conjugate of a function f: RY —] — oo, +0oc] is the function

f* defined as

f*r RY — [—o0,+o0)
= Supyerny (x| 1) — f(x)

u

Graphical illustration: Second interpretation - How to build

fr()?
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Conjugate function
The conjugate of a function f: RY —] — oo, +0oc] is the function

f* defined as
f*r RY — [—o0,+o0)
= Supyerny (x| 1) — f(x)

u

Graphical illustration: Second interpretation - How to build

fr()?
/
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Conjugate function

4 )

The conjugate of a function f: RY —] — oo, +0oc] is the function
f* defined as

f*: RV — [—o0, 409

u > SUDyeRN (x|u) = f(x)

Examples :

o f=s3ll-1P=f =3l
Proof : For every (x,u) € ’HQ,
(x| u) = 3lxl? = 3/l = 3[lu —x]||* is maximum at x = u.

Consequently, f*(u) = §HuH2.

19



Conjugate function

4 )

The conjugate of a function f: RY —] — oo, +0oc] is the function
f* defined as

f*: RV — [—o0, 409

u > SUDyeRN (x|u) = f(x)

( Moreau-Fenchel theorem
Let H be a Hilbert space and f: H —] — oo, +00]| be a proper
function.

fis l.s.c. and convex & f** = f.

19



Conjugate: properties

rFencheI—Young inequality: If f is proper, then
1. (V(x,u) € H?) f(x)+ f(u) > (x| uw)

2. (V(x,u) € H?) uedf(x)e  f(x)+ fF(u) = (x]|u).

(I f € To(H), then

(V(x,u) € H?) uedf(x) & xe€df(u).

20



Conjugate: Moreau decomposition

Moreau decomposition formula
Let H be a Hilbert space, f € I'g(H) and v > 0.

(Vx € H) Prox. ;«X = X — yprox,-1 (77 'x).

Proof:

D = Prox, ;X < x — p € ¥0f*(p)
Spe Of(x — p)
~

— 1 —
X _X7P efé)f(x p)
Y ¥ Y Y
e F= G
’Y =Pprox,—1s(y X

Sp=x— q/proquf(ﬁ/*lx).

21



Conjugate: Moreau decomposition

Moreau decomposition formula
Let H be a Hilbert space, f € I'o(H) and v > 0.

(Vx € H) PrOX. f+X = X — YProX, -1 (v x).

Example: If # = RN, f = 2| - [|§ with ¢ €]1, +-00], then
f*:q% Zi with 1/¢+1/¢* =1, and

(Vx € RY) PIOX o "X = X — ’ypl‘OX%”V”g(’)/_IX).
q q Y4

21



Example: Support function

Let C be a subset of RY. The support function of C, denoted by o¢, is

(Vu e RY) oc(u) = ﬂelfc) (x,u)

22



Example: Support function

Let C be a subset of RY. The support function of C, denoted by o¢, is

(Vu € RY)  o¢(u) = sup (x,u)

x€eC
Graphical illustration: C = [d, ¢]
b1s,3) (x) ux o (u)
918,3] (u) R ’
- »
) 5 i

22



Example: Support function

Let C be a subset of RY. The support function of C, denoted by o¢, is

(Vu € RY)  o¢(u) = sup (x,u)

xeC
Graphical illustration: C = [d, ¢]
U5 3] (x) ux n[é‘g](u)
//'
R :
_'i X | u
0 ) u

22



Example: Support function

Let C be a subset of RY. The support function of C, denoted by o¢, is

(Vu € RY)

oc(u) = sup (x,u)

Graphical illustration: C = [4, J]

ux
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Example: Support function

Let C be a subset of RY. The support function of C, denoted by o¢, is

(Vu e RY) oc(u) = ﬂelfc) (x,u)

Graphical illustration: C = [4, J]

Is2}
|
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Example: Support function

Let C be a subset of RY. The support function of C, denoted by o¢, is

(Vu e RY) oc(u) = ﬂelfc) (x,u)

Graphical illustration: C = [4, J]

(S
(o9
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Example: Support function

Let C be a subset of RY. The support function of C, denoted by o¢, is

(Vu € RY)  o¢(u) = sup (x,u)

xeC
REMARKS:

We have o¢ = i

IfCisa subset of RY, then o3 = 15" = ¢

Let —00 < 6 < 6 < 400, and C = [4,8]. Then
ox ifx<O

(VXGR) Jc(X): 0 fx=0

ox ifx>0

As a consequence we have (Vd > 0)(¥x € R) f(x) = d|x| = o5 46](%)

and f* =516 = LB (0,6)

More generally, for f =4 - ||1, we have f* = 15_ (0,5

22



Dual methods




Fenchel-Rockafellar duality

~

[ Primal problem

Let H and G be two real Hilbert spaces.
Let f: H —] — 0o, +o0], g: G =] — 00, +00]. Let L € B(H,G).
We want to
. L),
minimize f(x) + g(Lx)

[ Dual problem

Let H and G be two real Hilbert spaces.
Let f: H —] — 00, +00], g: G —] — 00, +00]. Let L € B(H,G).
We want to

A (L * ]
mlglerglzef (—L*u) + g*(u)

23



Fenchel-Rockafellar duality

[ Weak duality ]
Let H and G be two real Hilbert spaces.

Let f be a proper fonction from H to | — co, +o¢], g be a proper
function from G to | — 00, 4+00], and L € B(H,G). Let

— inf L d p* =inf f*(-L* *(u).
o= inf f(x)+g(Lx) and p* = inf f*(=L"u) + g7 (v)

We have p > —p* . If p € R, p+ p* is called the duality gap.

\
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Fenchel-Rockafellar duality

[ Weak duality ]
Let H and G be two real Hilbert spaces.

Let f be a proper fonction from H to | — co, +o¢], g be a proper
function from G to | — 00, 4+00], and L € B(H,G). Let

— inf L d p* =inf f*(-L* *(u).
o= inf f(x)+g(Lx) and p* = inf f*(=L"u) + g7 (v)

We have p > —p* . If p € R, p+ p* is called the duality gap.

\

Proof: According to Fenchel-Young inequality,

f(x) +9(Lx) + f*(=L"u) + g%(u) = (x| =L*u) 4 (Lx [ u) = 0.

24



Fenchel-Rockafellar duality

e

~

Strong duality

Let H and G be two real Hilbert spaces.

Let f € To(H), g €To(G), and L € B(H,G).

If (domg) N L(domf) # @ or domg N (L(domf)) # 0, then

= infyey f(x) + g(Lx) = —minyeg f*(—L*u) + g*(u) = —p* .

\

25



Fenchel-Rockafellar duality

rDuaIity theorem (1)
Let H and G be two real Hilbert spaces.
Let f € To(H), g € To(G), and L € B(H,G).

zer(0f + LOgL*) £0 < zer((—L)Af*(~L*) + dg*) # 0.

\ J
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Fenchel-Rockafellar duality

rDuaIity theorem (1)
Let H and G be two real Hilbert spaces.
Let f € To(H), g € To(G), and L € B(H,G).

zer(0f + LOgL*) #0 <  zer((—L)Of*(—L*) + dg*) # 0.

\ J

Proof:
(Jz € H) 0€ df(x) + L*9g(Lx)
o (@xeH)Fucg) {L*u € 0f(x)
u € dg(Lx)
x € df*(—L*u)
Lx € dg*(u)

& (Fueg) 0 € —Lof*(—=L*u) + dg™(u). 26
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Fenchel-Rockafellar duality

~

rDuaIity theorem (2)
Let H and G be two real Hilbert spaces.
Let f € To(H), g € To(G), and L € B(H,G).
e If there exists X € H such that 0 € 9f(X) + L*0g(1LX), then X
is a solution to the primal problem. Moreover, there exists a
solution 1 to the dual problem such that —L*u € df(X) and
Lx € dg* (1) .
e If there exists (X,1) € H x G such that —L*u € 9f(X) and
LX € dg*(0) then X (resp. 1) is a solution to the primal (resp.
dual) problem.

(| (X,u) € H x G is such that —L*u € 9f(X) and Lx € dg* (1),
then (X, 1) is called a Kuhn-Tucker point. 27




Fenchel-Rockafellar duality

Proof:
0€9f(X)+L*9g(Lx) C I(f + g o L)(X).

Then, according to Fermat rule, X is a solution to the primal
problem.
In addition, there exists U € G such that

veof®+La _ [Luedf®)
i € 9g(LR) L% € 9g*(%).

We have also X € 9 f*(—L*1), which implies that
0 € —Lof*(-L*u) + dg*(n).
On the other hand,
0 € —LOf*(=L*0) + 9g* (1) C 9(f* o (-L*) + ¢*) (W)

= 1 solution to the dual problem.

The second assertion is shown in a similar manner.

28



Fenchel-Rockafellar duality

Particular case :
If f=¢+ 1| —2|*> where ¢ € ['\(H) and z € H, then

—L'u € df(X) & -L'uedpX) +x—z
& 0ex+ LM —z+4 0p(x).

Hence,
X = prox,,(—L*1 + z).
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Dual FB algorithm

Let z€ RV, g € To(RM) and L € RMXN
Primal problem: % = arg min 7||X _ Z||2 + g(Lx)
XER\ 2

Dual problem:

ue AInglIl*”Z —L*u|| + ¢"(u)
ueRM

[ Choose u”) € RM and 7 €0, 2/||IL|I%[.
For k=0,1,...
\‘ xM =7 — L*ul?

Uk4+1 = ProX, . (u[k] + TLX[k]>

\.

[Combettes, Dung, Vi, 2011]
e The sequence (u[ ])kGN converges to a solution to the dual problem 1.

e The sequence (XU“])%N converges to a solution to the primal problem

X=z—L"0

29




Dual FB algorithm

~

Let z € RN, f € To(RY), g € To(RM) and L € RM*N,

Primal problem: 1

X =arg min f(x)+ =[x — z||* + g(Ix)
x€ERN 2

Dual problem:

1 € Argmin, cpu F(z —L*u) + ¢ (un)

30



Dual FB algorithm

Let z € RN, f € To(RY), g € Io(RM) and L € RM*N,
Primal problem:

~ . 1
X = arg min f(x) + =[x — z|* + g(Lx)
xERN 2

Dual problem:
1 € Argmin,cpum f*(z — L) + ¢ (u)

\. J

REMARK: [(Lem. 2.5) Combettes et al, 2010]
Let = f + 3|l - —2|*. Then ¢* = f*(- +2) — 3|l
Where f* is the Moreau enveloppe of f*: f*(v) = miny f*(y) + 5[y — v||?

DuAL PROBLEM: Find U € Argmin, cpu f*(z — L*u) + g*(u)
}j is differentiable and VF = prox; = —prox;. [Moreau, 1965]

e Use FB on the dual problem!
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Dual FB algorithm

Let z € RY, f € To(RY), g € To(RM) and L € RM*N,
Primal problem:

A~ . 1
X = arg min f(x) + =[x — z|* + g(Lx)
xERN 2

Dual problem:
1 € Argmin,cpam f*(z — L) + ¢ (u)

\. J

[ Choose 1o € RM and 7 €]0, 2/||L||?[.
For k=0,1,...

x*l = prox; (z — L*uw>

ulk+t = ProX, g« <u[k] + TLX[k])

\.

( \

[Combettes, Dung, Vi, 2011]
The sequence (u[k’])kew converges to a solution to the dual problem 1.

The sequence (X[k])keb\! converges to a solution to the primal problem

X = prox;(z — L™0). 31




Primal-dual methods




Augmented Lagrangian method

~

[ ADMM algorithm (Alternating-direction method of multipliers)
= Lagrangian interpretation

minimize f(x) + g(Lx < minimize f(x) 4+ g(u
nimize f(x) + g(Lx) rinjnige () + o0
X=u

e Lagrange function : L(x,u,v) = f(x) + g(u) + (v | Lx — u)
= v € G denotes the Lagrange multiplier.
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Augmented Lagrangian method

~

[ ADMM algorithm (Alternating-direction method of multipliers)
= Lagrangian interpretation
minimize f(x) + ¢g(Lx) < minimize f(x) + g(u)

xeH xeH,ueg
Lx=u

e Lagrange function : L(x,u,v) = f(x) + g(u) + (v | Lx — u)
= v € G denotes the Lagrange multiplier.
e ldea : iterations for finding a saddle point (X, U, V):

x[¥ e Argmin L(-, ulkl V[k:])
(Vn € N) ulk+1 € Argmin £(x, -, v(])

vi*+1] such that £(x[F, ulk+1) ylk+1]) > g(xlk] yle+1] ylk]),

But the convergence is not guaranteed in general ! 32



Augmented Lagrangian method

~

[ ADMM algorithm (Alternating-direction method of multipliers)
= Lagrangian interpretation

minimize f(x) + g(Lx < minimize f(x) 4+ g(u
nimize f(x) + g(Lx) rinjnige () + o0
X=u

e Lagrange function : L(x,u,v) = f(x) + g(u) + (v | Lx — u)

= v € G denotes the Lagrange multiplier.

e Solution : introduce an Augmented Lagrange function:
E(x,u,w) = () + g(w) + 7 (w | Tx — u) + 3L — u

= The Lagrange multiplier is v = ~yw with v > 0.
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Alternating-direction method of multipliers

Algorithm for finding a saddle point:

xlf e Argmin £(x, y!*, wlk)
x€H B
(Vk € N) ylFl € Argmin £(x¥, y, wik)
yeg
wlk+1 such that £(x*, ylk+1] wlk+1l) > £(x[F] ylkr1] (k)

By performing a gradient ascent on the Lagrange multiplier,

<[ ¢ Ara‘%r;{lin F) + (Wi | Lx — y1) 4+ 2| Lx — yl¥I||2
(Vk € N) ylE+1] efrgn}ih 9(y) + (Wi [ Lxl) —y) + F[La) — ]
w1l = W)[VA-E]QJr LV L(xH, yl+1] wlkl)

<* Arg?{lin 3 |Lx—yH 4 WMHZ +3/6)

XE

< (VkeN) yl+U = proxg (wll 4 Lx[)

wlb 1) =l | [lk] ]
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Augmented Lagrange method

~

[ ADMM algorithm (Alternating-direction method of multipliers)
Let feTo(H)etgeTlo(G).
Let L € B(H,G) such that L*L is an isomorphism and let v > 0.

x* € Argmin 1 ||Lx -y + W[k]HQ + }/f(x)
x€EH

sl — 1 xIk]
y[k+1] = proxg (W[k] + h[k])
Y

w1 = ikl | gk _ 1],

(Vk € N)
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Augmented Lagrange method

' A

ADMM algorithm (Alternating-direction method of multipliers)
Let feTo(H)etgeTlo(G).

Let L € B(H,G) such that L*L is an isomorphism and let v > 0.
We assume that (domg) NL(domf) # 0 or domgN (L(domf)) # 0
and that Argmin(f + goL) # (. Let

x* € Argmin 1 ||Lx -y + W[k]HQ + }/f(x)
x€EH

(Vk € N) it = Lt
vyl = prox g (W[k’] + S[k])
w1l = wlk] 1_ slkl — ylk+1],
We have:

o xl¥ —~ % where X € Argmin(f 4+ goL)

o ywlitl — 3 where ¥ € Argmin(f* o (=L*) + ¢*). 34
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Augmented Lagrange method

' A

ADMM algorithm (Alternating-direction method of multipliers)
Let feTo(H)etgeTlo(G).

Let L € B(H,G) such that L*L is an isomorphism and let v > 0.
We assume that (domg) NL(domf) # 0 or domgN (L(domf)) # 0
and that Argmin(f + goL) # (. Let

x* € Argmin 1 ||Lx -y + W[k]HQ + }/f(x)
x€EH

(Vk € N) it = Lt
vyl = prox g (W[k’] + S[k])
w1l = wlk] 1_ slkl — ylk+1],
We have:

o xl¥ —~ % where X € Argmin(f 4+ goL)

o ywlitl — 3 where ¥ € Argmin(f* o (=L*) + ¢*). 34
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Problem formulation

Let f1 € To(RY), fo € To(RY), g € To(RM) and L € RM*N,

Primal problem: X € Argmin fi(x) + fa(x) + g(Lx)
x€ERN

Dual problem: u € Argmin(fy + f2)"(L*u) + g (u)
ueRM
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Problem formulation

~

Let f1 € To(RY), fo € To(RY), g € To(RM) and L € RM*N,

Primal problem: X € Argmin fi(x) + fa(x) + g(Lx)
xERN

Dual problem: u € Argmin(f1 + f2)*(L*u) + g*(u)
ueRM

Lagrangian formulation Another formulation of the Primal-Dual problem is to
combine them into the search of a saddle point of the Lagrangian:

(X,0) € Argmin max fi(x) + f2(x) — g™ (u) + (Lx, u)
x€ERN ueRM
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Problem formulation

Let fi € To(RY), fo € To(RY), g € To(RM) and L € RM*V.

Primal problem: X € Argmin fi(x) + fa(x) + g(Lx)
xeRN

Dual problem: U € Argmin(f; + f2)*(L*u) + g™ (u)
u€ERM

\ J

Lagrangian formulation Another formulation of the Primal-Dual problem is to
combine them into the search of a saddle point of the Lagrangian:

(X,0) € Argmin max fi(x) + f2(x) — g*(u) + (Lx, u)
xERN ueRM

\.

REMARK: Recall that, for ¢ € To(RY), X € Argmin ¢ < 0 € 9y (X)
Do we have similar conditions for the primal-dual problem?

~~ Look at the Lagrangian saddle point problem and derive optimal conditions for

X, and for U alternatively

~~ These are called KKT conditions 35



Problem formulation

Let f1 € To(RY), fo € To(RY), g € To(RM) and L € RM*N,

Primal problem: X € Argmin f1(x) + fa(x) + g(Lx)
xeRN

Dual problem: U € Argmin(f; + f2)*(L*u) + g™ (u)
ueRM

rLagrangian formulation Another formulation of the Primal-Dual problem is to‘
combine them into the search of a saddle point of the Lagrangian:
(X,1) € Argmin max f (x) + fa(x) — g*(u) + (Lx, u)
ucRM

x€RN

\.

7

Karush-Kuhn-Tucker conditions

Assume that domg N L(domf) # 0 and f, differentiable.
(%,1) € RY x RM is a solution to the Primal-Dual problem if and only if

0 c Af1(X) + L*u+ V/f2(X)
0 —LX + dg* (1)

35 )




From KKT to fixed-point equations...

KKT:
{o €9fi(R) + L0+ V(R

0 € —L% + dg* (@)

36



From KKT to fixed-point equations...

KKT:
{o €9fi(R) + L0+ V(R

0 € —Lx+ 9g*(u)
Multiply by 7 > 0 the first equation and o > 0 the second equation:
{—T(L*ﬁ +V£(ER) € 10fi(R)

oLX € 0dg*(1)

36



From KKT to fixed-point equations...

KKT:
{o €9fi(R) + L0+ V(R

0 € —Lx+ 9g*(u)

Multiply by 7 > 0 the first equation and o > 0 the second equation:
—T(L*ﬁ + Vfg(i)) € 10f1(X)
oLX € 0dg*(1)

Since X — X =0, and U — U = 0, the last equations are equivalent to

R (L' + V®) - X €70(R)

G+ olx— @ €odg*(T)
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From KKT to fixed-point equations...

KKT:
{o €9fi(R) + L0+ V(R

0 € —Lx+ 9g*(u)

Multiply by 7 > 0 the first equation and o > 0 the second equation:
—T(L*ﬁ + Vfg(i)) € 10f1(X)
oLX € 0dg*(1)

Since X — X =0, and U — U = 0, the last equations are equivalent to

R (L' + V®) - X €70(R)

G+ 0oL(2%—%)— @ € 0dg" (@)

36



From KKT to fixed-point equations...

KKT:
{o €0AR) + L+ V(R

0 € —Lx+ 9g*(u)

Multiply by 7 > 0 the first equation and o > 0 the second equation:
—T(L*ﬁ + Vfg(i)) € 10f1(X)
oLX € 0dg*(1)

Since X — X =0, and U — U = 0, the last equations are equivalent to
X — U+ VeRE) - X erdf
X—7(L"i+ V(X)) X er f(

\X/) 7 prOXTfl
= p p

U+oL(2x—X)— 1 € U@g*(\fl_/) ~~ ProX, g«
N——— e -
X P P

[ Prox characterisation: |X—p € ¥09%(p) < p = prox.,,(X) ]
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From KKT to fixed-point equations...

KKT:
0 € 0f1(X) + LU+ Vfo(%)
0 € —Lx + dg* (1)

Multiply by 7 > 0 the first equation and o > 0 the second equation:
—T(L*ﬁ + Vfg(i)) € 10f1(X)
oLX € 0dg*(1)

Since X — X =0, and U — U = 0, the last equations are equivalent to
X — 7'( a4 VfZ(Q)) - X € T(?f(\ﬁ/) ~ Prox,

e p P
U+oL(2x—X)— 1 € U@g*(\fl_/) ~ PTOX
—/_/ 7\/ M

X P P

% = prox, ;, (R - 7(L"3+ V() )
U = prox,, (u + oL(2x — x))
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From KKT to fixed-point equations...

KKT:
{o €0AR) + L+ V(R

0 € —Lx+ 9g*(u)

Multiply by 7 > 0 the first equation and o > 0 the second equation:
—T(L*ﬁ + Vfg(i)) € 10f1(X)
oLX € 0dg*(1)

Since X — X =0, and U — U = 0, the last equations are equivalent to
X — M+ V§HARX)— X erof( X
2Tl VAER) - & €70f(X)

e p P
U+oL(2x—X)— 1 € U@g*(\fl_/) ~ PTOX

—_— M
X P P

% = prox, ;, (R - 7(L"3+ V() )
@i = prox, . (a +oL(2% — §))

~ ProX,

& ~ Fixed-point equations
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Fixed-point algorithm

From the fixed-point equations:
% = prox, , (R - 7(L8+ V() )
@i = prox,,. (a +oL(2% — &))

We can derive a fixed-point algorithm:

For k=0,1,...
xF+1] = prox, s, <Xm - T(L*u[k] + Vo (X[k]»)
ulk+1] (04 T (2x 1 - xlH))

= Prox,,

REMARKS:

This algorithm is known as the Condat-Vii algorithm
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Step-size and convergence of Condat-Vu algorithm

Let fi € To(RY), fo € To(RY), g € To(RM) and L € RM*V.

Primal problem: X € Argmin fi(x) + fa(x) + g(Lx)
xeRN

Dual problem: U € Argmin(f; + f2)*(L*u) + g™ (u)
u€ERM

\

r

Choose 7 > 0 and o > 0 such that £ — o||L||> > & with f» B-Lipschitz gradient.
For k=0,1,...
A1) = Prox, s (X[k] —7(V(xM) + L*u[k])>

ulF+t1 = prox (u[k] + (IL(QX“”H - Xm)>

og*
\

7

The sequence (X[k])ng converges to a solution to the primal problem.

The sequence (u[k])keN converges to a solution to the dual problem.

[Vii, 2013][Condat, 2013]
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Particular cases

CONDAT-VU ALGORITHM: [Vi, 2013][Condat, 2013]

PROBLEM: Find X € Argmin,gpn f1(x) + f2(x) + g(Lx)

Choose 7 > 0 and ¢ > 0 such that £ —o||L||> > £ with f» B-Lipschitz.
For k=0,1,...
<[P+l = prox, (XM —7(Vf2 (xy + L*um))
ult 1l = Prox, - (u“"’] + oL(2xF+1) — x[’“])>
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Particular cases

CONDAT-VU ALGORITHM: [Vii, 2013][Condat, 2013]

PROBLEM: Find X € Argmin, pn f1(x) + f2(x) + g(Lx)

Choose 7 > 0 and o > 0 such that 2 —o||L||> > £ with f» B-Lipschitz.
For k=0,1,...
xtF ] = prox, s, <x“"] —7(Vf2 (xy + L*u“’]))
e+t = prox, (u[k] + oL (2xlE — X[k]))

CHAMBOLLE-POCK ALGORITHM: fo =0 [Chambolle & Pock, 2011]

PROBLEM: Find X € Argmin, cpn f1(x) + g(Lx)

Choose 7 > 0 and ¢ > 0 such that o7|L||* < 1.

For k=0,1,...
xFU = Prox, (X[k] - TL*u[k])
|| u" = prox, . (ul¥ + oL(2xF T — xM)) )

39



Particular cases

CONDAT-VU ALGORITHM: [Vi, 2013][Condat, 2013]

PROBLEM: Find X € Argmin,pn f1(x) + f2(x) + g(Lx)

Choose 7 > 0 and o > 0 such that £ —o||L||> > £ with f» B-Lipschitz.

For k=0,1,...

xlF = prox

(s (O 1)

ulf i = Prox, - (um + oL(2xFH1 — X[k])>

DOUGLAS-RACHFORD ALGORITHM: fo =0, L=Idand 7 =1/0

PROBLEM: Find X € Argmin _p~ f1(x) + g(x)
Choose o > 0.

For k=10,1,...

\‘ X[k+l] = pI‘OX(771f1 (Sk)

_ [k+1] _ k1]
Sk+1 = Sk — X — prox,—1,(2x — sg)
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Chambolle-Pock algorithm and strong convexity

CHAMBOLLE-POCK ALGORITHM: [Chambolle & Pock, 2011]

PROBLEM: Find X € Argmin g~ f1(x) 4+ g(Lx)

Choose 7 > 0 and o > 0 such that o7|L||* < 1.
For k=0,1,...

MUSEY

ulk+1

= prox, s, (X[k] — TL*u[k])
(11[1"] + JL(QXU“‘H] — Xm))

= prox

og*

ACCELERATED VERSION: f; p-strongly convex [Chambolle & Pock, 2011]

Choose 79 > 0 and oo > 0 such that o7o||L|* < 1.
For k=0,1,...
#+1 = prox, (¥ — nLrul)

ap = (1+ 2p7’;€)71/2
Th41 = Ok

—-1/2
Ok = akozk,
y[m-u = x*+1 4 ak(x[k+1] 7X[k:])
I alk 1 — ProX,, o« (u[k] + oLy["‘“]) e




Optimization algorithms

f2 grad. Lipschitz

Forward-Backward f1+ f2 f1 grad. Lipschitz [Combettes,Wajs,2005]
Proxgy,
ISTA fi+ f2 f1 grad. Lipschitz [Daubechies et al, 2003]
fo=Al-h
Douglas-Rachford fi+ f2 prox s, [Combettes,Pesquet, 2007]
proxy,
PPXA i e prox g, [Combettes,Pesquet, 2008]
PPXA+ >ig9ioLy; prox,, [Pesquet, Pustelnik, 2012]
(o, L)
ADMM f+goL prox [Eckstein, Yao, 2015]
(L)~
Chambolle-Pock f+goL prox ¢ [Chambolle, Pock, 2011]
prox,
Condat-Vii fi+tfo+goL Prox s [Condat, 2013][Vi, 2013]
prox,

41
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