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Inverse problems in signal and image processing

Observation model

y ~ B(®X)

y € R”: degraded observations;

x € R": unknown quantity of interest;

& : RY — RP: known deformation;

B: random measurement noise.
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Inverse problems in signal and image processing

Goal: Estimate

Observation model
y~B(®)

e y c RP: degraded observations;

e x ¢ R": unknown quantity of interest;

e &:R"Y - R”: known deformation; o
O Bk rmEndem messlEiEnt nee, » ill-conditioned, rank deficient ®

Inpainting Super-resolution Deblurring

(Guillemot et al., 2013, IEEE Sig.  (Marquina et al., 2008, J. Sci.  (Pan, 2016, IEEE Trans. Pattern
Process. Mag.) Comput.) Anal. Mach. Intell.) 2/39



Inverse problems in signal and image processing

Goal: Estimate

Observation model
y~B(®)

e y c RP: degraded observations;

e x ¢ R": unknown quantity of interest;

o & :R" — RP: known deformation; ' -

O Bk rmEndem messlEiEnt nee, » ill-conditioned, rank deficient ®

» correlated, data-dependent B

Correlated Data-dependent Multiplicative

(Pascal et al., 2021, J. Math. (Luisier et al., 2010, IEEE Trans. (Shama, 2016, Appl. Math.
Imaging Vis.) Image Process.) Comput.)
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The variational framework: penalized log-likelihood

Variational estimator

x(y; \) € ArgminD(y, ®x)
x€ERN

® D(y;-) = —logP(y|-): negative log-likelihood Ex: D(y;x) = |ly — x|)3

No regularization
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The variational framework: penalized log-likelihood

Variational estimator

X(y; \) € Argmin D(y, ®x) + AR(x)

xERN
® D(y;-) = —logP(y|-): negative log-likelihood Ex: D(y;x) = |ly — x|)3
® R: regularization term encoding a priori knowledge Ex: R(x) = ||Dx||g
(Giovannelli & Idier, 2015, Wiley)
No regularization Smooth Piecewise constant

R(x) = [|D1x|l3 R(x) = [D1x]lx
(Tikhonov et al., 1977, Wiley) (Rudin et al., 1992, Physica D

) 3/39



Hyperparameter selection: bilevel optimization

Fine-tuning of the regularization parameter

Example: X(y;\) € Argmin|ly — x||5 + A||D1x||3 (Tikhonov)
xERN
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Hyperparameter selection: bilevel optimization
Fine-tuning of the regularization parameter

Example: x(y;\) € Argmin ||y — x||3 + A||D1x|[3 (Tikhonov)
xERN

A=1

not enough optimal too regularized
Oracle-based hyperparameter selection

AT € Argmin O(y; \)
XeA
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Hyperparameter selection: bilevel optimization
Fine-tuning of the regularization parameter
Example: x(y;\) € Argmin ||y — x||3 + A||D1x|[3 (Tikhonov)
x€RN

A =5

not enough optimal too regularized

Oracle-based hyperparameter selection

AT € Argmin O(y; \)
XEA

* golden case: O(y; A) = |[X(y; \) — X||> = efficient bi-level (x, A) minimization
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Hyperparameter selection: bilevel optimization

Fine-tuning of the regularization parameter

Example: x(y;\) € Argmin ||y — x||3 + A||D1x|[3 (Tikhonov)
xERN

not enough optimal too regularized

Oracle-based hyperparameter selection

AT € Argmin O(y; \)
XEA

® golden case: O(y; ) = |[X(y; A) — +||> = efficient bi-level (x, A) minimization

® practical case: ground truth  not available! —> data-driven O(y; \)
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Image processing:

Texture segmentation
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Textured image segmentation
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Textured image segmentation

Goal: obtain a partition of the image into K homogeneous textures

QZQlUUQK
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Textured image segmentation

Goal: obtain a partition of the image into K homogeneous textures

Qzﬂll_][_lQK
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Piecewise monofractal model
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Piecewise monofractal model

Fractal attributes

2

= variance o amplitude of variations
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Piecewise monofractal model

Fractal attributes

2

= variance o amplitude of variations

= local regularity h scale invariance

|F(x) = F(y)] < o (x)|x — y|")

NV
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Segmentation
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Piecewise monofractal model

Fractal attributes

2

= variance o amplitude of variations

= local regularity h scale invariance

|F(x) = F(y)] < o (x)|x — y|")

NV

x)_h1—09 h(X)_h2—03

Segmentation

» o2 and h piecewise constant

» region Q characterized by (02, hy)

(h17

0’%)

(h2’0'§)

(h17 U%)
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Multiscale analysis

Textured image
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Multiscale analysis

Textured image Local maximum of wavelet coefficients: £, .
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Multiscale analysis

Textured image Local maximum of wavelet coefficients: £, .

Scale a=21

Proposition (Jaffard, 2004, Proc. Symp. Pure
Math.; Wendt et al., 2009, Signal Process.)

log(La.) ~ log(a) h + v
a0 regularity  clog(o?)
(variance)
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Direct punctual estimation

Linear regression  log(L,.) ~ log(a) I|1 o L
regularity oxlog(o

Textured image
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Direct punctual estimation

Linear regression  log(L,.) ~ log(a) I|1 o L
regularity oxlog(o

Amax
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Direct punctual estimation

Linear regression  log (L) ~ log(a) I|1 I | v( 2
regularity xlog(o

Amax

<BLR, VLR) = argmin Z l|llog (L,,.) — log(a)h — v|?
h,v

a=3amin

LR

Textured image Local regularity hUR Local power v
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Direct punctual estimation

Linear regression Elog(L,.) =log(a) h + v
—_— 7 regularity  log(o2)
expected value
Amax

<BLR, VLR) = argmin Z l|llog (L,,.) — log(a)h — v|?
h,v

a=3amin

LR

Textured image Local regularity hUR Local power v

— large estimation variance
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Functionals with either free or co-localized contours

> |llog £, — log(a)h — v/

Least-Squares
— fidelity to the log-linear model
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Functionals with either free or co-localized contours

> lllog £, —log(a)h—v|* + A Q(Dh,Dv;q)

Least-Squares Total Variation
— fidelity to the log-linear model — favors piecewise constancy
log (£..)
e
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Functionals with either free or co-localized contours

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7
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Functionals with either free or co-localized contours

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation
— fidelity to the log-linear model — favors piecewise constancy

log (La..)

e

Finite differences D;x (horizontal), Dox (vertical) at each pixel

10/39



Functionals with either free or co-localized contours

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation
— fidelity to the log-linear model — favors piecewise constancy

log (La..)

e

Finite differences Dx = [D;x, Dyx]

Free: h, v are independently piecewise constant
Qr(Dh,Dv; o) = || Dhl|2,1 + [[Dv||2,1

10/39



Functionals with either free or co-localized contours

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation
— fidelity to the log-linear model — favors piecewise constancy

log (La..)

e

Finite differences Dx = [D;x, Dyx]

Free: h, v are independently piecewise constant
Qr(Dh,Dv; o) = || Dhl|2,1 + [[Dv||2,1

Co-localized: h, v are concomitantly piecewise constant
Qc(Dh,Dv; a) = [|[[eDh, Dv]|j2,1
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Functionals minimization

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation
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Functionals minimization

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation

N nonsmooth

» gradient descent x™1 = x" — 7V (x") x = (h,v)
» implicit subgradient descent: proximal point algorithm

x"=x"—7u", u" € dp(x"t1) & x"' = prox, (x")
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Functionals minimization

minimize »  |log £, —log(a)h — v|* + X Q(Dh,Dv;q)
h,v . _

Least-Squares Total Variation

N nonsmooth

» gradient descent x"*! = x" — 7V(x")

» implicit subgradient descent: proximal point algorithm
n+1 _ o n __ _,.n n 3, A n+1 n+1 _ . n
X" =x"—T1u", u" € 0p(x") & x"" = prox,(x")
» splitting proximal algorithm (Chambolle et al., 2011, J. Math. Imaging Vis.)

y"tl = prox, (g~ (y" +oDx")
X" = prox gz (X" = 7D Y™), @ (hv) o flogla)h + v,

)—(n+1 _ 2xn+1 _ xn
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Accelerated algorithm based on strong-convexity

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation

nonsmooth

.

Primal-dual algorithm (Chambolle et al., 2011, J. Math. Imaging Vis.)

d: duality gap, o(x", y") — 0
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Accelerated algorithm based on strong-convexity

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation

“ nonsmooth

Primal-dual algorithm (Chambolle et al., 2011, J. Math. Imaging Vis.)
d: duality gap, (x",y") — 0

log(d)

'
ot

-10

0 200 400 600 800
Time [sec]
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Convexity properties

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation

. p-strongly convex nonsmooth
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Convexity properties

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation

. p-strongly convex nonsmooth

Strong-convexity

= ¢ p-strongly convex iff ¢ — %HH2 convex

—z —z = 1
v strictly convex v/ strictly convex
X non strongly convex v 1-strongly convex
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Convexity properties

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation

. p-strongly convex nonsmooth

Strong-convexity

= ¢ p-strongly convex iff ¢ — %HH2 convex

PrOpOSItlon (Pascal et al. , 2018, Proc. Int. Conf. Image Process.; Pascal et al., 2021, Appl. Comput. Harmon. Anal.)

Amax
log £ — log(a)h — v||? is p-strongly convex.
> lllog g pi-strongly
a=amin
amin =21, amax 22 23 24 25 26
u 0.29 0.72 120 1.69 2.20

13/39



Accelerated algorithm based on strong-convexity

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation

. p-strongly convex nonsmooth

N -,

Accelerated Primal-dual algorithm (Chambolie et al., 2011, J. Math. Imaging Vis.)

forn=0,1,... x = (h,v)
y™l = Prox, (yg)- (y" + 0,Dx")
R P GRS
On = /14+2uTs, Tony1 = TnfOn, Opy1 =000,

)—(n+1 _ xn+1 + 0;1 (Xn+1 o xn)
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Accelerated algorithm based on strong-convexity

. —log(a)h—v|?* + X Q(Dh,Dv;a)

Total Variation

minimize Z |llog L,
h,v B

Least-Squares

D p-strongly convex nonsmooth

A} d
Accelerated Primal-dual algorithm (Chambolie et al., 2011, J. Math. Imaging Vis.)

d: duality gap, (x",y") — 0

log(d)

'
ot

-10

0 200 400 600 800
Time [sec]
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Segmentation via iterated thresholding

minimize > lllog £, —log(a)h—v|* + A Q(Dh,Dv;q)

Least-Squares Total Variation

Textured image  Lin. reg. h'R
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Segmentation via iterated thresholding

minimize »  |log £, —log(a)h — v|* + X Q(Dh,Dv;q)
h,v . _

Least-Squares Total Variation

ALR Co-localized Threshold
contours h®  estimatef ThC

Textured image  Lin. reg.

t(Cai et al., 2013, J. Sci. Comput.)

16/39



State-of-the-art methods for texture segmentation

Threshold-ROF on AR
(Nelson et al., 2016, IEEE Trans. Image
Process.; Pustelnik et al., 2016, IEEE
Trans. Comput. Imaging)

argmin ||h — h*R(?> + \||Dh||24
h

Lin. reg. Threshold

BEE

Only based on regularity h.
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State-of-the-art methods for texture segmentation

Threshold-ROF on hLR Factorization based segmentation’
(Nelson et al., 2016, IEEE Trans. Image (Yuan et al., 2015, /IEEE Trans. Image Process.)
Process.; Pustelnik et al., 2016, IEEE

Trans. Comput. Imaging . q
) (i) local histograms

: LR 2 -
g (LAl HEERESA=AN

OF  Threshold (i) matrix factorization

BpD -

atterplot of features in subspace. (
subspace. (b) Scatterplot

es projected
h high

Only based on regularity h.

Thttps ://sites.google.com/site/factorizationsegmentation/
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Multiphase flow through porous media
Laboratoire de Physique, ENS Lyon, V. Vidal, T. Busser, (M. Serres, IFPEN)
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Multiphase flow through porous media
Laboratoire de Physique, ENS Lyon, V. Vidal, T. Busser, (M. Serres, IFPEN)

> 2l cm

~

A 1,75 mm

Solid
foam
+
Liquid
+
Gas

41 cm

Gas — 1600 x 1100 pixels
injectors — video: ~ 1000 images
— phase diagram: ~ 10 flow rates

Homogeneous slit
(liquid injection)

N /
‘l BHIEN
I
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Low activity: Qg = 300mL/min - Q = 300mL/min

Free Co-localized
contours

Flow Zooms Yuan T-ROF

W4
snce
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Transition: Qg = 400mL/min - @, = 700mL/min

Flow Zooms Yuan T-ROF Free Co-localized
contours

R
B0
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High activity: Qg = 1200mL/min - @, = 300mL/min

Co-localized
contours

Free

Yuan
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High activity: Qg = 1200mL/min - @, = 300mL/min

Co-localized
contours

Free

Computational load
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Regularization parameters selection

(E,v) (£;).0) = argmin Y lllog £, — log(a)h — v||> + ' Q(Dh, Dv; )
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Regularization parameters selection

(E,v) (£;).0) = argmin Y lllog £, — log(a)h — v||> + ' Q(Dh, Dv; )

Lin. reg. hLE

(A, a) =(0,0)
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Regularization parameters selection

(B, V) (£;).0) = argmin Y lllog £, — log(a)h — v| + \Q(Dh,Dv; )

Lin. reg. h"R Co-localized contours estimate h®

(A a)=(0,0) (A a)=(05,05)

too small
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Regularization parameters selection

(B, V) (£;).0) = argmin Y lllog £, — log(a)h — v| + \Q(Dh,Dv; )

Lin. reg. h"R Co-localized contours estimate h®

(A a)=(0,0) (\a)=(05,05) (A, @) = (500, 500)

too small too large
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Regularization parameters selection

(B, V) (£;).0) = argmin Y lllog £, — log(a)h — v| + \Q(Dh,Dv; )

Lin. reg. h"R Co-localized contours estimate h®

(A a)=(0,0) (\a)=(05,05) (A, @) = (500, 500)

too small too large

What optimal means? How to determine At and af?
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Parameter tuning (Grid search)

(B, |7> (L; \, @) = argmin ZHIog L, —log(a)h — v|>+ \Q(Dh,Dv;a)
h,v 2

h: discriminant, v: auxiliary
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Parameter tuning (Grid search)

(R ?) (L; \, @) = argmin ZHIog L, —log(a)h — v|>+ \Q(Dh,Dv;a)
h,v 2

h: discriminant, v: auxiliary

h: true regularity

—~ _12
R(\a) = Hh(C;A,a)——hH
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Parameter tuning (Grid search)
(E, |7> (L; \, o) = argmin ZHIog L, —log(a)h — v|>+ \Q(Dh,Dv;a)
h,v 2
h: discriminant, v: auxiliary

h: true regularity

R(\a) = HB(L; A @) — BH2

15000
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Parameter tuning (Grid search)

(E, |7> (L; \, o) = argmin ZHIog L, —log(a)h — v|>+ \Q(Dh,Dv;a)
h,v 2
h: discriminant, v: auxiliary

h: true regularity h: unknown!

R\ @) = (£, ) - BH2 ?

Stein Unbiased Risk Estimate
(SURE)
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Stein Unbiased Risk Estimate (Principe)

Observations y = x + ¢ € RP, x: truth and
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Stein Unbiased Risk Estimate (Principe)

Observations y = x + ¢ € RP, x: truth and

Parametric estimator  (y; \) — X(y; \)

Ex. X(yi\)= O‘*ADTD>_ Y

(linear)

argmin ||y — x||*> + AQ(Dx) (nonlinear)
X
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N (I + )\DTD) - y (linear)
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Stein Unbiased Risk Estimate (Principe)

Observations y = x + ¢ € RP, x: truth and

Parametric estimator  (y; \) — X(y; \)

N (I + )\DTD) - y (linear)
Ex. X(y, )‘) = . 2 .
argmin ||y — x||* + AQ(Dx) (nonlinear)
X
Quadratic error R(\) £ E¢[[x(y; A) — x||? Z EcR(y; \) X unknown

Theorem (Stein, 1981,Ann. Stat.)

Let (y; ) — Xx(y; \) an estimator of x
= weakly differentiable w.r.t. y,

= such that ¢ — (X(x + ¢; \),¢) is integrable w.r.t. (0, p°I).
R(y: ) 2 [R(yi ) = yII* + 202 (0,%(y; \)) — p?P
= R(A) = E¢[R(y: A)].

24/39



Generalized Stein Unbiased Risk Estimate

Observations y = ©x +¢ € R?, x € RV, © : RP*N and ¢ ~ N(0, &)

E.g. the estimators ﬂ(ﬁ; A, ) with free or co-localized contours
log £ = > (h,7) +¢ ¢~N(0.5)  R=[h-h|?

(hv) > {log(a)h+ v}, LTS 11k (hv) > (h0)

Projected estimation error  Rp(A) £ E¢ || TIx(y; A) — ITx||?
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Generalized Stein Unbiased Risk Estimate

Observations y = ©x +¢ € R?, x € RV, © : RP*N and ¢ ~ N(0, &)

E.g. the estimators ﬂ(ﬁ; A, ) with free or co-localized contours
log £ = 4(h,¥) +¢ ¢~N(0.5)  R=[h-h?

:(h,v) > {log(a)h+ v}, LTS 11k (hv) > (h,0)

Projected estimation error  Rp(A) £ E¢||TIx(y; A) — ITx||?

Theorem (Pascal et al., 2021, J. Math. Imaging Vis.)

Let (y; A) — X(y; A) be an estimator of x
= weakly differentiable w.r.t. y,

= such that ¢ — (IIx(x + ¢; A), AC) is integrable w.r.t. N(0,S).
R(A) 2 |A(®X(y; A) — y)| + 2tr (SATHé?y?(y; A)) —tr (ASAT)
= Rr(A) = E¢[R(A)].
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Parameter tuning (Grid search)

(E, |7> (L; \, o) = argmin ZHIog L, —log(a)h— v|?+ \Q(Dh,Dv; )
h,v 2

h: true regularity h: unknown!

R(\,a) = [B(£: 2 0) - BH2 Roe(Li), 0] )
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R(\,a) = [B(£: 2 0) - BH2 Roe(Li), 0] )
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Generalized Stein Unbiased GrAdient Risk estimate

Generalized Finite Difference Monte Carlo SURE
) Rl,7€(y;A|S):
HA@&UMQ—ym2+;<skﬁu?u+uaA)—?UunLe>—u(AsAﬂ
Generalized Finite Difference Monte Carlo SUGAR
OAR,e(yi A|S) = 2(ABOAR(y; A)) " A (BX(y; A) — )

2 = &
4 » <SAT1'I (0aX(y +ve; A) — 0aX(y; A)), €>

Theorem (Pascal et al., 2021, J. Math. Imaging Vis.)
Let (y; A) — X(y; A) be an estimator of x
= uniformly-Lipschitz continuous w.r.t. y
= such that YA € RL, x(0p; A) = Oy,
= uniformly L-Lipschitz continuous w.r.t. A, L independently of y. Then
OaRn(A) = lim B¢.e [0AR,.<(y; A| S)]
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Parameter tuning (Automatic selection)
(E, 17) (L; \, &) = argmin ZHIog L, —log(a)h—v|?+ \Q(Dh,Dv;a)
h,v 2

h: true regularity h: unknown!

R(\a) = [[A(£: A, 0) - BHZ R,e(Li ) al S)

logyy(M)
log;o ()

log,(@) log;o(e)

L-BFGS-B quasi-Newton algorithm: R, .(£; A, | S) and 8A§V7e(y;A|S)
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Automated selection of regularization parameters

(R ?) (L; \, @) = argmin ZHIog L, —log(a)h— v|?+ \Q(Dh,Dv; )
h,v 2

hF(C; AT, at) hF (L X ath) BF(ﬁ AaN_ )
(grid) (grid) (quasi-Newton)

N O B
olole

225 calls of the estimator over the grid v.s. for quasi-Newton 30,39

Example




Time series analysis:

Epidemiological indicator estimation
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Epidemic propagation: modeling at the service of monitoring

Counts of daily new infections

x10* France 17-Nov-2022
101 7|
-3
5¢ Y= % N ]
QL X1 AT
0
Sep 08 Sep 22 Oct 06 Oct 20 Nov 03
2022

data from National Health Agencies collected by Johns Hopkins University

= number of cases not informative enough: need to capture the dynamics
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Epidemic propagation: modeling at the service of monitoring

Counts of daily new infections

x10* France 17-Nov-2022
101 7|
-3
5¢ Y= % N ]
QL X1 AT
0
Sep 08 Sep 22 Oct 06 Oct 20 Nov 03
2022

data from National Health Agencies collected by Johns Hopkins University

= number of cases not informative enough: need to capture the dynamics

Design adapted counter measures and evaluate their effectiveness
— efficient monitoring tools epidemiological model,

— robust to low quality of the data managing erroneous counts.
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Pandemic study: modeling at the service of monitoring

Reproduction number in Cori model

“averaged number of secondary cases generated by a typical infectious individual"

(Cori et al., 2013, Am. Journal of Epidemiology; Liu et al., 2018, PNAS)
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Reproduction number in Cori model

“averaged number of secondary cases generated by a typical infectious individual"
(Cori et al., 2013, Am. Journal of Epidemiology; Liu et al., 2018, PNAS)
Interpretation: at day t
R¢ > 1 the virus propagates at exponential speed,

R¢ < 1 the epidemic shrinks with an exponential decay,
R: = 1 the epidemic is stable.

= one single indicator accounting for the overall pandemic mechanism
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Pandemic study: modeling at the service of monitoring

Reproduction number in Cori model

“averaged number of secondary cases generated by a typical infectious individual"
(Cori et al., 2013, Am. Journal of Epidemiology; Liu et al., 2018, PNAS)
Interpretation: at day t
R¢ > 1 the virus propagates at exponential speed,

R¢ < 1 the epidemic shrinks with an exponential decay,
R: = 1 the epidemic is stable.

= one single indicator accounting for the overall pandemic mechanism

Principle: Z; new infections at day ¢t

serial interval distribution ¢ |

2
E[Z]=R®:, &= ouZts N
0.05
u=1
. ‘
with ®; global “infectiousness" in the population ’ ° O

{¢U}Z“;1 distribution of delay between onset of symptoms in primary and secondary cases

Gamma distribution truncated at 25 days, of mean 6.6 days and standard deviation 3.5 days
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Pandemic study: modeling at the service of monitoring

Data: daily counts Z = (Z1,...,Z7)

Model: Poisson distribution

P(Zt|zt—7—¢:t—17 Rt) = 7.
t-

(Rt¢t)zte_Rt®t

x10* France 17-Nov-2022

/

0 ®—B—® s B —BO—BH B
Sep 08 Sep 22 Oct 06 Oct 20 Nov 03

2022
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Pandemic study: modeling at the
Data: daily counts Z = (Z1,...,Z7)

Model: Poisson distribution

(th)t)zte_th’t

P(Zt|zt—7—¢:t—17 Rt) = 7.
t-

= Atday t: Z; ~ P(R:®:)

service of monitoring

x10* France 17-Nov-2022

/

0 ®—B—® s B —BO—B B
Sep 08 Sep 22 Oct 06 Oct 20 Nov 03
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Pandemic study: modeling at the

Data: daily counts Z = (Z1,...,Z7)

Model: Poisson distribution

(Rt¢t)zte_Rt®t

P(Zt|zt—r¢:t—17 Rr) = 7.
t:

= Atday t: Z; ~ P(R:®:)

Inverse problem formalism:

service of monitoring

x10* France 17-Nov-2022

0 B — B — B B B B BB B
Sep 08 Sep 22 Oct 06 Oct 20 Nov 03

Z ~ P (®R)

® Z c N”: reported infection counts,
R=(Ry,..
® & = diag (P, ..

® D: data-dependent Poisson noise.

,R7) € RI: daily unknown reproduction number,

., ®7): linear operator,

— D(Z, ®R) = — log P(Z|R)

2022
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Pandemic study: modeling at the
Data: daily counts Z = (Z1,...,Z7)

Model: Poisson distribution

Re®,) e Rt
P(242t77¢¢717Rt)::Egigi%grggg—
t:

service of monitoring

France 17-Nov-2022

0 ®—B—® s B —BO—B B
Sep 08 Sep 22 Oct 06 Oct 20 Nov 03

2022

Maximum Likelihood Estimate (MLE)

In (P(Zt|zt—70:t—17 Rt))

= Zt In(th)t) — Rt¢t — |n(Zt|)

~ Z.In(Re®;) — Re®; — Z¢In(Z:) + Z:
Z:>1

t

(d:f) —dki(Z¢|R:®:) (Kullback-Leibler)
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Pandemic study: modeling at the
Data: daily counts Z = (Z1,...,Z7)

Model: Poisson distribution

Re®,) e Rt
P(Ze|Zt—rgie-1,Re) = %
t:

service of monitoring

France 17-Nov-2022

0 ®—B—® s B —BO—B B
Sep 08 Sep 22 Oct 06 Oct 20 Nov 03

2022

Maximum Likelihood Estimate (MLE)

In (P(Zt|zt—70:t—17 Rt))

= Zt In(th)t) — Rt¢t — |n(Zt|)

~ Z.In(Re®;) — Re®; — Z¢In(Z:) + Z:
Z:>1

t

(d:f) —dki(Z¢|R:®:) (Kullback-Leibler)

To
=R =Z/00 =21/ 6uZi-u

u=1

ratio of moving averages
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Pandemic study: modeling at the service of monitoring

Data: daily counts Z = (Z1,...,Z7)

Model: Poisson distribution

Re®,) e Rt
P(Ze|Zt—rgie-1,Re) = %
t:

France 17-Nov-2022

0 ®—B—® s B —BO—B B
Sep 08 Sep 22 Oct 06 Oct 20 Nov 03

2022

Maximum Likelihood Estimate (MLE)

In (P(Zt|zt—7'®:t—17 Rt))

= Zt In(th)t) — Rt¢t — |n(Zt|)

~ Z.In(Re®;) — Re®; — Z¢In(Z:) + Z:
Z:>1

t

(d:f) —dki(Z¢|R:®:) (Kullback-Leibler)

To
=R =Z/00 =21/ 6uZi-u

u=1

ratio of moving averages

3 France 17-Nov-2022

|

0 . . . .
Sep 08 Sep 22 Oct 06 Oct 20 Nov 03

huge variability along time/
no local trend

misreported counts

not robust to pseudo-periodicity/

2022
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Reproduction number estimation from minimization of penalized likelihood

Penalized likelihood: regularization through nonlinear filtering

-
~PKL
R =argmin » dwt (Z¢|Re®:) + AR(R) (penalized Kullback-Leibler)
Rer] )
with R(R) favoring some temporal regularity (Abry et al., 2020, PLOSOne)
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Reproduction number estimation from minimization of penalized likelihood

Penalized likelihood: regularization through nonlinear filtering

-
~PKL
R =argmin » dwt (Z¢|Re®:) + AR(R) (penalized Kullback-Leibler)
Rer] o)
with R(R) favoring some temporal regularity (Abry et al., 2020, PLOSOne)
x10* France 17-Nov-2022
‘ ‘ ‘ -7
8 -9
R(R) = [D:R]; J s AT

(DZR)t = Rt+1 - 2Rt + Rt—l

wo
g
g
g
g
g
g
¢
§

Iy . - - pMLE !
L : n R B
2nd order derivative & ¢1-norm DY A iy
| HE :
.
"

—> piecewise linearity

'
1

Sep 22 Oct 07 Oct 22 Nov 06

2022

captures global trend, smooth temporal behavior, no pseudo-oscillations
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Reproduction number estimation from minimization of penalized likelihood

Penalized Kullback-Leibler estimator:

-
R(Z;)) = argmin Y _ dww (Z¢|Re®:) + A D:R]x
Rer] T
with R(R) favoring some temporal regularity (Abry et al., 2020, PLOSOne)
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Reproduction number estimation from minimization of penalized likelihood

Penalized Kullback-Leibler estimator:

-
R(Z;)) = argmin Y _ dww (Z¢|Re®:) + A D:R]x
Rer] T
with R(R) favoring some temporal regularity (Abry et al., 2020, PLOSOne)

Fine tuning of the regularization parameter:

5 France 17-Nov-2022 France 17-Nov-2022 3 France 17-Nov-2022
. RVLE| 3 A T - - RYLE|
: - e hon ol e h Nohon e
20 Lo /\ : 2t i 2
‘ V/\V V \]I\V\/ ‘ ‘
ot b ¥ HILY ANV I IR AU AL IR E ol [ o
Sep08  Sep22  Oct06  Oct20  Nov03 Sep08  Sep22  Oct06 Oct20  Nov03 Sep08  Sep22  Oct06  Oct20  Nov03
2022 2022 2022
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Reproduction number estimation from minimization of penalized likelihood

Penalized Kullback-Leibler estimator:

with R(R) favoring some temporal regularity

.
R(Z;)) = argmin Y _ dww (Z¢|Re®:) + A D:R]x

.
RERL =1

(Abry et al., 2020, PLOSOne)

Fine tuning of the regularization parameter:

A=35 At =50 A = 250

France 17-Nov-2022

France 17-Nov-2022 France 17-Nov-2022

ot o !
Sep08  Sep22  Oct06  Oct20  Nov03

ol
Sep 08

Sep 22

Data-driven oracle minimization

ol oy
Oct 06 Oct20  Nov 0 Sep08  Sep22  Oct06 Oct 20 Nov 03
2022 2022 2022

A€ Argmin O(Z; \)
A€

= Goal: O data-driven proxy for Hﬁ(Z A) — R
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Data-driven hyperparameter selection under autoregressive Poisson model

Goal: O data-driven proxy for Hﬁ(Z, A) — R|3

Strategy: Unbiased Risk Estimate Ez [O(Z; \)] = Ez Hﬁ(Z A) — ﬁ”%}
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Reminder: Z ~P(PR)
e Z € N': reported infection counts,
e R=(Ry,...,R7) € RI: daily unknown reproduction number,
e & =diag (P1,...,P7): linear operator,
e P: data-dependent Poisson noise.
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Goal: O data-driven proxy for Hﬁ(Z, A) — R|3

Strategy: Unbiased Risk Estimate Ez [O(Z; \)] = Ez Hﬁ(Z A) — ﬁ”i}

Reminder: Z ~P(PR)
e Z € N': reported infection counts,
e R=(Ry,...,R7) € RI: daily unknown reproduction number,
e & =diag (P1,...,P7): linear operator,

(Eldar, 2008, IEEE Trans. Signal Process.;
Luisier et al., 2010, IEEE Trans. Image Process.; Li et al., 2017, IEEE Trans. Image Process.)
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Data-driven hyperparameter selection under autoregressive Poisson model

Goal: O data-driven proxy for Hﬁ(Z, A) — R|3

Strategy: Unbiased Risk Estimate Ez [O(Z; \)] = Ez Hﬁ(Z A) — ﬁ”i}

Reminder: Z~P(P(Z)R)
e Z € N': reported infection counts,
e R=(Ry,...,R7) € RI: daily unknown reproduction number,

e P: data-dependent Poisson noise.

» Poisson model: Stein lemma does not apply (Eldar, 2008, IEEE Trans. Signal Process.;
Luisier et al., 2010, IEEE Trans. Image Process.; Li et al., 2017, IEEE Trans. Image Process.)
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Data-driven hyperparameter selection under autoregressive Poisson model

Goal: O data-driven proxy for Hﬁ(Z, A) — R|3

Strategy: Unbiased Risk Estimate Ez [O(Z; \)] = Ez Hﬁ(Z A) — ﬁ”i}

Reminder: Z~P(P(Z)R)
e Z € N': reported infection counts,
e R=(Ry,...,R7) € RI: daily unknown reproduction number,
e & =diag (P1,...,P7): linear operator,
e P: data-dependent Poisson noise.

Challenges:

» Poisson model: Stein lemma does not apply (Eldar, 2008, IEEE Trans. Signal Process.;
Luisier et al., 2010, IEEE Trans. Image Process.; Li et al., 2017, IEEE Trans. Image Process.)

» Nonstationary driven autoregressive model: ('I>R)t =R; 221 GsZi—s

— Novel counterpart of Stein lemma for driven autoregressive Poisson model

Autoregressive Poisson Unbiased Risk Estimate (APURE)
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Data-driven hyperparameter selection under autoregressive Poisson model

%108
—7
2 A\ -- ®y(2)
! \
1 d\N < 1
1 \ / ’ \ N AY - J
0 =7 \ \ TN NS
; ; ; ; o
N
0 I I I I I
Jan 2022 Apr 2022 Jul 2022 Oct 2022 Jan 2023
x1012
4 o o2 ——— £ .
= i — APURE? |
i R
0 s l APURE]
1072 100 102 10

A

(Teaser, preprint available soon)
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Conclusion and perspectives
Inverse problem y ~ B(®X)

A e Argmin O(y; \), for X(y; ) € Argmin D(y, ®x) + AR(x)

AEA x€RN
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Conclusion and perspectives
Inverse problem y ~ B(®X)

A e Argmin O(y; \), for X(y; ) € Argmin D(y, ®x) + AR(x)
AEA x€RN

Data-driven parameter selection

= (: Unbiased Risk Estimate (Stein, 1981, Ann. Stat.; Eldar, 2008, IEEE Trans. Signal
Process.; Luisier et al., 2010, /EEE Trans. Image Process.; Deledalle et al., 2014, SIAM J. Imaging Sci.;
Pascal et al., 2021, J. Math. Imaging Vis.; Lucas et al., 2023, Signal, Image Video Process.)

» Texture segmentation: additive correlated Gaussian noise;

» Epidemic monitoring: driven autoregressive data-dependent Poisson noise.
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Conclusion and perspectives
Inverse problem y ~ B(®X)
A e Argmin O(y; \), for X(y; ) € Argmin D(y, ®x) + AR(x)
AEA x€RN
Data-driven parameter selection

= (: Unbiased Risk Estimate (Stein, 1981, Ann. Stat.; Eldar, 2008, IEEE Trans. Signal
Process.; Luisier et al., 2010, /EEE Trans. Image Process.; Deledalle et al., 2014, SIAM J. Imaging Sci.;
Pascal et al., 2021, J. Math. Imaging Vis.; Lucas et al., 2023, Signal, Image Video Process.)

» Texture segmentation: additive correlated Gaussian noise;

» Epidemic monitoring: driven autoregressive data-dependent Poisson noise.

Extensions and perspectives
» Efficient and robust scheme for nonconvex R(x);
» Generalization to other noise models: speckle noise in medical imaging;

» Unsupervised learning for x(y; A\) = NNg(y) with loss O(y; 6).
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