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Textures

Crucial to describe real-world images
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Textured image segmentation

Goal: obtain a partition of the image into K homogeneous textures
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Fractal attributes
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= variance o amplitude of variations

= local regularity h scale invariance

|F(x) = F(y)] < o (x)|x — y|")

NV
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Segmentation

» o2 and h piecewise constant
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Multiscale analysis
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Multiscale analysis

Textured image Local maximum of wavelet coefficients: £, .

Scale a=21 a=2? a=2°

Proposition (Jaffard, 2004), (Wendt, 2008)

log (La,.)
log(L,.) ~ log(a) h + v =
regularity  log(o?)
(variance) | — og(@)
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Direct punctual estimation

Linear regression  log(L,.) ~ log(a) I|1 o e
regularity oxlog(o

Textured image
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Linear regression  log(L,.) ~ log(a) I|1 o e
regularity oxlog(o
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Direct punctual estimation

Linear regression  log (L) ~ log(a) I|1 I | v( 2
regularity xlog(o
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Direct punctual estimation

Linear regression Elog(L,.) =log(a) h + v
—_— 7 regularity  log(o2)
expected value
Amax

<BLR, VLR) = argmin Z l|llog (L,,.) — log(a)h — v|?
h,v

a=3amin

LR

Textured image Local regularity hUR Local power v

— large estimation variance
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A posteriori regularization

Filter smoothing (linear)
N
(1+AD7D) AR

Linear regression hLR Smoothing
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A posteriori regularization

Filter smoothing (linear) ROF denoising (nonlinear)
=il . . =
(1+AD7D) AR argmin || — B + Al|DA2,
Linear regression hLR Smoothing ROF

“

A

— cumulative estimation variance and regularization bias
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Functionals with either free or co-localized contours

> |llog £, — log(a)h — v/

Least-Squares
— fidelity to the log-linear model
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h,v - —_—_ 7

Least-Squares Total Variation
— fidelity to the log-linear model — favors piecewise constancy

log (La..)

e

Finite differences D;x (horizontal), Dox (vertical) at each pixel
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Functionals with either free or co-localized contours

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation
— fidelity to the log-linear model — favors piecewise constancy

log (La..)

e

Finite differences Dx = [D;x, Dyx]

Free: h, v are independently piecewise constant
Qr(Dh,Dv; o) = || Dhl|2,1 + [[Dv||2,1

Co-localized: h, v are concomitantly piecewise constant
Qc(Dh,Dv; a) = [|[[eDh, Dv]|j2,1
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Functionals minimization
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Functionals minimization

minimize »  |log £, —log(a)h — v|* + X Q(Dh,Dv;q)
h,v . _

Least-Squares Total Variation

N nonsmooth

» gradient descent x™1 = x" — 7V (x")
» implicit subgradient descent: proximal point algorithm
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Accelerated algorithm based on strong-convexity

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation

nonsmooth

Primal-dual algorithm (Chambolle, 2011)

d: duality gap, o(x",y") — 0
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Accelerated algorithm based on strong-convexity

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation

“ nonsmooth

Primal-dual algorithm (Chambolle, 2011)
d: duality gap, (x",y") — 0

log(d)

'
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Convexity properties

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation

. p-strongly convex nonsmooth
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Least-Squares Total Variation

. p-strongly convex nonsmooth

Strong-convexity

= ¢ p-strongly convex iff ¢ — %HH2 convex

—z ot —x = 2’
v/ strictly convex v strictly convex
X non strongly convex v 1-strongly convex
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Convexity properties

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation

. p-strongly convex nonsmooth

N -,

Strong-convexity
= ¢ p-strongly convex iff ¢ — %HH2 convex
» ¢ C? with Hessian matrix Hp = 0 = p = min Sp(Hy)

Proposition (Pascal, 2019)

ZHIogLZ — log(a)h — v||? is p-strongly convex.

amin = 21, amax 22 23 24 25 20

p=minSp (287®) 029 0.72 120 1.69 2.20
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Accelerated algorithm based on strong-convexity

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation

. p-strongly convex nonsmooth

Accelerated Primal-dual algorithm (Chambolle, 2011)

forn=0,1,... x = (h,v)
y"+1 = pI‘OXU"()\Q)* (yn aF UnD)_(n)
xn+1 _ prOXrnH[,—‘I»Hg (Xn o 7_nDTyn-H)

en AV 1 a4 2HTna Th+1l — 7',,/(9,,7 Opntl = 9,,0',,

)—(n+1 — Xn+1 + 0;1 (xn+1 . xn)
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Accelerated algorithm based on strong-convexity

. —log(a)h —v|* +

Least-Squares

Total Variation

minimize Z |llog L,
h,v B

* p-strongly convex nonsmooth

Accelerated Primal-dual algorithm (Chambolle, 2011)
d: duality gap, (x",y") — 0

log(d)
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Segmentation via iterated thresholding

minimize > lllog £, —log(a)h—v|* + A Q(Dh,Dv;q)

Least-Squares Total Variation

Textured image  Lin. reg. h'F
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Segmentation via iterated thresholding

minimize »  |log £, —log(a)h — v|* + X Q(Dh,Dv;q)
h,v . _

Least-Squares Total Variation

ALR Co-localized Threshold
contours h®  estimatef ThC

Textured image  Lin. reg.

f(Cai, 2013)
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State-of-the-art methods for texture segmentation

Threshold-ROF on h'F
(Nafornita, 2014), (Pustelnik, 2016)

argmin ||h — ELRHz + AlIDh|[2,1
h

Lin. reg. Threshold

ek,

Only based on regularity h.
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State-of-the-art methods for texture segmentation

Threshold-ROF on hLR Factorization based segmentation’
(Nafornita, 2014), (Pustelnik, 2016) (Yuan, 2015)
argmin |[h — A*R(? + A||Dhl|2.1 (i) local histograms

h

P —
Lin. reg. Threshold III@AH-H

) matrix factorization
B i »
¥ . A # #

Only based on regularity h.

Thttps://sites.google.com/site/factorizationsegmentation/
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Multiphase flow through porous media
Laboratoire de Physique, ENS Lyon, V. Vidal, T. Busser, (M. Serres, IFPEN)
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Multiphase flow through porous media
Laboratoire de Physique, ENS Lyon, V. Vidal, T. Busser, (M. Serres, IFPEN)

> 2l cm

~

A 1,75 mm

Solid
foam
+
Liquid
+
Gas

41 cm

Gas — 1600 x 1100 pixels
injectors — video: ~ 1000 images
— phase diagram: ~ 10 flow rates

Homogeneous slit
(liquid injection)

N /
‘l BHIEN
I
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Low activity: Qg = 300mL/min - Qp = 300mL/min

Co-localized
contours

Free
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Low activity: Qg = 300mL/min - Q = 300mL/min

Free Co-localized
contours

Flow Zooms Yuan T-ROF

-u' \

Liquid: hy, = 0.4

Gas: hg = 0.9
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Transition: Qg = 400mL/min - Qr, = 700mL/min

Flow Zooms Yuan T-ROF Free Co-localized
contours

2. 2.2,

Liquid: hy, = 0.4 o’ﬁark — 102

2 -2
: _ O4ark = 10 (dark bubbles)
Gas: ha =09 | 2" _ 101 (clear bubbles).

Oclear
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High activity: Qg = 1200mL/min - Q, = 300mL/min

T-ROF Free Co-localized
contoursr

Flow Zooms Yuan

Liquid: hr, = 0.4 03, = 1072

2 —2
_ _ 04arc = 107% (dark bubbles)
Gas:  he =09 | 2™ _ 190-1 (clear bubbles).
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High activity: Qg = 1200mL/min - Q, = 300mL/min

Flow Zooms

Yuan

T-ROF Free Co-localized

contours

Computational load

Liquid: hr, = 0.4 03, = 1072
2 —2

_ _ 04are = 107% (dark bubbles)

Gas:  he =09 | 2" _ 10-1 (clear bubbles).
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Regularization parameters selection

(E,v) (£;).0) = argmin Y lllog £, — log(a)h — v||> + ' Q(Dh, Dv; )
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Regularization parameters selection

(E,v) (£;).0) = argmin Y lllog £, — log(a)h — v||> + ' Q(Dh, Dv; )

Lin. reg. hLE

(A, a) =(0,0)
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Regularization parameters selection

(B, V) (£;).0) = argmin Y lllog £, — log(a)h — v| + \Q(Dh,Dv; )

Lin. reg. h"R Co-localized contours estimate h®

(A a)=(0,0) (A a)=(05,05)

too small
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Regularization parameters selection

(B, V) (£;).0) = argmin Y lllog £, — log(a)h — v| + \Q(Dh,Dv; )

Lin. reg. h"R Co-localized contours estimate h®

(A a)=(0,0) (\a)=(05,05) (A, @) = (500, 500)

too small too large

What optimal means? How to determine At and af?
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Parameter tuning (Grid search)

(B, |7> (L; \, @) = argmin ZHIog L, —log(a)h — v|>+ \Q(Dh,Dv;a)
h,v 2

h: discriminant, v: auxiliary
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Parameter tuning (Grid search)

(R ?) (L; \, @) = argmin ZHIog L, —log(a)h — v|>+ \Q(Dh,Dv;a)
h,v 2

h: discriminant, v: auxiliary

h: true regularity

—~ _12
R(\a) = Hh(C;A,a)——hH
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Parameter tuning (Grid search)
(E, |7> (L; \, o) = argmin ZHIog L, —log(a)h — v|>+ \Q(Dh,Dv;a)
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h: discriminant, v: auxiliary

h: true regularity

R(\a) = HB(L; A @) — BH2
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Parameter tuning (Grid search)

(E, |7> (L; \, o) = argmin ZHIog L, —log(a)h — v|>+ \Q(Dh,Dv;a)
h,v 2
h: discriminant, v: auxiliary

h: true regularity h: unknown!

R\ @) = (£, ) - BH2 ?

Stein Unbiased Risk Estimate
(SURE)
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Stein Unbiased Risk Estimate (Principe)

Observations y = x + ¢ € RP, x: truth and

22/28



Stein Unbiased Risk Estimate (Principe)

Observations y = x + ¢ € RP, x: truth and

Parametric estimator  (y; \) — X(y; \)

Ex. X(yi\)= O‘*ADTD>_ Y

(linear)

argmin ||y — x||*> + AQ(Dx) (nonlinear)
X
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N (I + )\DTD) - y (linear)
Ex. X(y, )‘) = . 2 .
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Stein Unbiased Risk Estimate (Principe)

Observations y = x + ¢ € RP, x: truth and

Parametric estimator  (y; \) — X(y; \)

N (I + )\DTD) - y (linear)
Ex. X(y, )‘) = . 2 .
argmin ||y — x||* + AQ(Dx) (nonlinear)
X
Quadratic error R(\) £ E¢[[x(y; A) — x||? Z EcR(y; \) X unknown

Theorem (Stein, 1981)

Let (y; ) — Xx(y; \) an estimator of x
= weakly differentiable w.r.t. y,

= such that ¢ — (X(x + ¢; \),¢) is integrable w.r.t. (0, p°I).
R(y: ) 2 [R(yi ) = yII* + 202 (0,%(y; \)) — p?P
= R(A) = E¢[R(y: A)].

22/28



Generalized Stein Unbiased Risk Estimate

Observations y = ©x +¢ € R?, x € RV, © : RP*N and ¢ ~ N(0, &)

E.g. the estimators ﬂ(ﬁ; A, ) with free or co-localized contours
log £ = > (h,7) +¢ ¢~N(0.5)  R=[h-h|?

(hv) > {log(a)h+ v}, LTS 11k (hv) > (h0)

Projected estimation error  Rp(A) £ E¢ || TIx(y; A) — ITx||?
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Generalized Stein Unbiased Risk Estimate

Observations y = ©x +¢ € R?, x € RV, © : RP*N and ¢ ~ N(0, &)

E.g. the estimators ﬂ(ﬁ; A, ) with free or co-localized contours
log £ = 4(h,¥) +¢ ¢~N(0.5)  R=[h-h?

:(h,v) > {log(a)h+ v}, LTS 11k (hv) > (h,0)

Projected estimation error  Rp(A) £ E¢||TIx(y; A) — ITx||?

Theorem (Pascal, 2020)

Let (y; A) — X(y; A) an estimator of x
= weakly differentiable w.r.t. y,

= such that ¢ — (IIx(x + ¢; A), AC) is integrable w.r.t. (0, S).
R(A) 2 |A(@X(y; A) - y)II” +2tr (SATTIO R(y; A)) — tr (ASAT)
= Ru(A) = E¢[R(A)].
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Parameter tuning (Grid search)

(E, V) (L; )\, @) = argmin ZHIog L, —log(a)h — v||* +\Q(Dh,Dv; )
h,v 2

h: true regularity h: unknown!

R(\a) = [[A(£: A, 0) - BH2 R,e(L: ) al S)
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Parameter tuning (Grid search)

(E, ?) (L; )\, @) = argmin ZHIog L, —log(a)h — v||* +\Q(Dh,Dv; )
h,v 2

h: true regularity

—~ _12
R(\a) = Hh(ll;A,oQ-— hH

h: unknown!

R,e(L: )\ a|S)

15000

10000

log;o(A)

log;o(N)

5000

2
log,()
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Parameter tuning (Grid search)

(E, ?) (L; )\, @) = argmin ZHIog L, —log(a)h — v||* +\Q(Dh,Dv; )
h,v 2

h: true regularity h: unknown!

R(\a) = [[A(£: A, 0) - BH2 R,e(L: ) al S)

i logyy(A)
log;o(N)

log,()
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Parameter tuning (Grid search)

(E, ?) (L; )\, @) = argmin ZHIog L, —log(a)h — v||* +\Q(Dh,Dv; )
h,v 2

h: true regularity h: unknown!

R(\a) = [[A(£: A, 0) - BH2 R,e(L: ) al S)

i logyy(A)
log;o(N)

log,()
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Parameter tuning (Automatic selection)

(E, ?) (L; )\, @) = argmin ZHIog L, —log(a)h — v||* +\Q(Dh,Dv; )
h,v 2

h: true regularity h: unknown!

R(\a) = [[A(£: A, 0) - BH2 R,e(L: ) al S)

(’X(]N.‘ an‘)

i logyy(A)
log;o(N)

log;(a)
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Automated selection of regularization parameters

(R ?) (L; \, @) = argmin ZHIog L, —log(a)h— v|?+ \Q(Dh,Dv; )
h,v 2

hF(C; AT, at) hF (L X ath) BF(ﬁ AaN_ )
(grid) (grid) (quasi-Newton)

N O B
olole

225 calls of the estimator over the grid v.s. for quasi-Newton 27/28

Example




Take home messages

Fractal texture model based on local regularity and variance

* appropriate for real-world texture characterization
x complementary attributes able to finely discriminate

28/28


https://github.com/bpascal-fr/gsugar

Take home messages

Fractal texture model based on local regularity and variance

* appropriate for real-world texture characterization
x complementary attributes able to finely discriminate

Simultaneous estimation and regularization

x significant decrease of the estimation error
* accurate and regular contours thanks to co-localized penalization

28/28


https://github.com/bpascal-fr/gsugar

Take home messages

Fractal texture model based on local regularity and variance

* appropriate for real-world texture characterization
x complementary attributes able to finely discriminate

Simultaneous estimation and regularization

x significant decrease of the estimation error
* accurate and regular contours thanks to co-localized penalization

Fast algorithms for automated tuning of hyperparameters

x possibility to manage huge amount of data
* amenable to process data corrupted by correlated Gaussian noise

* ensured objectivity and reproducibility

28/28


https://github.com/bpascal-fr/gsugar

Take home messages

Fractal texture model based on local regularity and variance

* appropriate for real-world texture characterization
x complementary attributes able to finely discriminate

Simultaneous estimation and regularization

x significant decrease of the estimation error
* accurate and regular contours thanks to co-localized penalization

Fast algorithms for automated tuning of hyperparameters

x possibility to manage huge amount of data
* amenable to process data corrupted by correlated Gaussian noise
* ensured objectivity and reproducibility

MATLAB toolbox available: github.com/bpascal-fr/gsugar
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