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Part I: Texture segmentation based on fractal attributes
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Textured image segmentation

Goal: obtain a partition of the image into K homogeneous textures
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Piecewise monofractal model

Fractals attributes

2

= variance o amplitude of variations

= local regularity h scale invariance

|F(x) = F(y)] < o (x)|x — y|")

NV

x)_h1—09 h(X)_h2—03

Segmentation

» o2 and h piecewise constant

» region Q characterized by (02, hy)

(h17
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Multiscale analysis

Textured image
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Multiscale analysis

Textured image Local maximum of wavelet coefficients: £, .

Scale a=21 a=2? a=2°

Proposition (Jaffard, 2004), (Wendt, 2008)

log (La,.)
log(L,.) ~ log(a) h + v =
regularity  log(o?)
(variance) | — og(@)
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Direct punctual estimation

Linear regression  log(L,.) ~ Iog(a)regull1a ity I |ogv(az)

Textured image
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Direct punctual estimation

Linear regression  log(L,.) ~ Iog(a)regullg ity I Iogv(a'z)

dmax

<ELR,9LR) =argmin Y log (La.) — log(a)h — v|
h,v
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Direct punctual estimation

Linear regression  log(L,.) ~ log(a) - | v( .
regularity oxlog(o

Amax

<ELR, VLR) = argmin Z l|llog (L,,.) — log(a)h — v|?
h,v
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Direct punctual estimation

Linear regression Elog(L,.) = log(a)
—_ regularity  log(o?)
expected value

Amax

<ELR, VLR) = argmin Z l|llog (L,,.) — log(a)h — v|?
h,v

3=3amin

LR

Textured image Local regularity hLR Local power v

— large estimation variance
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A posteriori regularization

Filter smoothing (linear)
N
(1+AD7D) AR

Linear regression h“R Lissage
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A posteriori regularization

Filter smoothing (linear) ROF denoising (nonlinear)
—1 ~ . -~
(1+AD7D) AR argmin || — B + Al|DA2,
Linear regression h'F Lissage ROF

“

A

— cumulative estimation variance and regularization bias
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Functionals with either free or co-localized contours

> |llog £, — log(a)h — v/

Least-Squares
— fidelity to the log-linear model
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Least-Squares Total Variation
— fidelity to the log-linear model — favors piecewise constancy

log (La..)

e

Finite differences D;x (horizontal), D,x (vertical) in each pixel
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Functionals with either free or co-localized contours

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation
— fidelity to the log-linear model — favors piecewise constancy

log (La..)

e

Finite differences Dx = [D;x, Dyx]

Free: h, v are independently piecewise constant
Qr(Dh,Dv; o) = || Dhl|2,1 + [[Dv||2,1

Co-localized: h, v are concomitantly piecewise constant
Qc(Dh,Dv; a) = [|[[eDh, Dv]|j2,1
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Functionals minimization

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation
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Accelerated algorithm based on strong-convexity

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation

nonsmooth

Primal-dual algorithm (Chambolle, 2011)

d: duality gap, o(x",y") — 0
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Accelerated algorithm based on strong-convexity

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation

“ nonsmooth

Primal-dual algorithm (Chambolle, 2011)
d: duality gap, (x",y") — 0

log(d)

'
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Convexity properties

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation

. p-strongly convex nonsmooth
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Least-Squares Total Variation

. p-strongly convex nonsmooth

Strong-convexity

= ¢ p-strongly convex iff ¢ — %HH2 convex

—z ot —x = 2’
v/ strictly convex v strictly convex
X non strongly convex v 1-strongly convex
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Convexity properties

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation

. p-strongly convex nonsmooth

N -,

Strong-convexity
= ¢ p-strongly convex iff ¢ — %HH2 convex
» ¢ C? with Hessian matrix Hp = 0 = p = min Sp(Hy)

Proposition (Pascal, 2019)

ZHIogLZ — log(a)h — v||? is p-strongly convex.

amin = 21, amax 22 23 24 25 20

p=minSp (287®) 029 0.72 120 1.69 2.20
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Accelerated algorithm based on strong-convexity

minimize Z |log £.. —log(a)h —v|® + X Q(Dh,Dv;q)
h,v - —_—_ 7

Least-Squares Total Variation

. p-strongly convex nonsmooth

Accelerated Primal-dual algorithm (Chambolle, 2011)

forn=0,1,... x = (h,v)
y"+1 = pI‘OXU"()\Q)* (yn aF UnD)_(n)
xn+1 _ prOXrnH[,—‘I»Hg (Xn o 7_nDTyn-H)

en AV 1 a4 2HTna Th+1l — 7',,/(9,,7 Opntl = 9,,0',,

)—(n+1 — Xn+1 + 0;1 (xn+1 . xn)
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Accelerated algorithm based on strong-convexity

. —log(a)h —v|* +

Least-Squares

Total Variation

minimize Z |llog L,
h,v B

* p-strongly convex nonsmooth

Accelerated Primal-dual algorithm (Chambolle, 2011)
d: duality gap, (x",y") — 0

log(d)
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A Q(Dh,Dv; «)
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Segmentation via iterated thresholding

minimize > lllog £, —log(a)h—v|* + A Q(Dh,Dv;q)

Least-Squares Total Variation

Textured image  Lin. reg. h'R

14/48



Segmentation via iterated thresholding

minimize »  |log £, —log(a)h — v|* + X Q(Dh,Dv;q)
h,v . _

Least-Squares Total Variation

ALR Co-localized Threshold

Textured image  Lin. reg. ~ =
2 & contours h®  estimatef Th€

f(Cai, 2013)
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Multiphase flow through porous media
Laboratoire de Physique, ENS Lyon, V. Vidal, T. Busser, (M. Serres, IFPEN)
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Multiphase flow through porous media
Laboratoire de Physique, ENS Lyon, V. Vidal, T. Busser, (M. Serres, IFPEN)

> 2l cm

~

A 1,75 mm

Solid
foam
+
Liquid
+
Gas

41 cm

Gas — 1600 x 1100 pixels
injectors — video: ~ 1000 images
— phase diagram: ~ 10 flow rates

Homogeneous slit
(liquid injection)

N /
‘l BHIEN
I
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Low activity: Qg = 300mL/min - Qp = 300mL/min

Co-localized
contours

Free
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Low activity: Qg = 300mL/min - Q = 300mL/min

Free Co-localized
contours

Flow Zooms Yuan T-ROF

-u' \

Liquid: hy, = 0.4

Gas: hg = 0.9
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Transition: Qg = 400mL/min - Qr, = 700mL/min

Flow Zooms Yuan T-ROF Free Co-localized
contours

2. 2.2,

Liquid: hy, = 0.4 o’ﬁark — 102

2 -2
: _ O4ark = 10 (dark bubbles)
Gas: ha =09 | 2" _ 101 (clear bubbles).

Oclear
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High activity: Qg = 1200mL/min - Q, = 300mL/min

T-ROF Free Co-localized
contoursr

Flow Zooms Yuan

Liquid: hr, = 0.4 03, = 1072

2 —2
_ _ 04arc = 107% (dark bubbles)
Gas:  he =09 | 2™ _ 190-1 (clear bubbles).
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High activity: Qg = 1200mL/min - Q, = 300mL/min

Flow Zooms

Yuan

T-ROF Free Co-localized

contours

Computational load

Liquid: hr, = 0.4 03, = 1072
2 —2

_ _ 04are = 107% (dark bubbles)

Gas:  he =09 | 2" _ 10-1 (clear bubbles).
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Regularization parameters selection

(E,v) (£;).0) = argmin Y lllog £, — log(a)h — v||> + ' Q(Dh, Dv; )
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Regularization parameters selection

(E,v) (£;).0) = argmin Y lllog £, — log(a)h — v||> + ' Q(Dh, Dv; )

Lin. reg. hLE

(A, a) =(0,0)
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Regularization parameters selection

(B, V) (£;).0) = argmin Y lllog £, — log(a)h — v| + \Q(Dh,Dv; )

Lin. reg. h"R Co-localized contours estimate h®

(A a)=(0,0) (A a)=(05,05)

too small
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Regularization parameters selection

(B, V) (£;).0) = argmin Y lllog £, — log(a)h — v| + \Q(Dh,Dv; )

Lin. reg. h"R Co-localized contours estimate h®

(A a)=(0,0) (\a)=(05,05) (A, @) = (500, 500)

too small too large

What optimal means? How to determine At and af?
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Parameter tuning (Grid search)

(B, |7> (L; \, @) = argmin ZHIog L, —log(a)h — v|>+ \Q(Dh,Dv;a)
h,v 2

h: discriminant, v: auxiliary
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Parameter tuning (Grid search)
(E, |7> (L; \, o) = argmin ZHIog L, —log(a)h — v|>+ \Q(Dh,Dv;a)
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h: discriminant, v: auxiliary

h: true regularity

R(\a) = HB(L; A @) — BH2
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Parameter tuning (Grid search)

(E, |7> (L; \, o) = argmin ZHIog L, —log(a)h — v|>+ \Q(Dh,Dv;a)
h,v 2
h: discriminant, v: auxiliary

h: true regularity h: unknown!

R\ @) = (£, ) - BH2 ?

Stein Unbiased Risk Estimate
(SURE)
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Stein Unbiased Risk Estimate (Principe)

Observations y = x + ¢ € RP, x: truth and
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Stein Unbiased Risk Estimate (Principe)

Observations y = x + ¢ € RP, x: truth and

Parametric estimator  (y; \) — X(y; \)

Ex. X(yi\)= O‘*ADTD>_ Y

(linear)

argmin ||y — x||*> + AQ(Dx) (nonlinear)
X
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Stein Unbiased Risk Estimate (Principe)

Observations y = x + ¢ € RP, x: truth and

Parametric estimator  (y; \) — X(y; \)

N (I + )\DTD) - y (linear)
Ex. X(y, )‘) = . 2 .
argmin ||y — x||* + AQ(Dx) (nonlinear)
X
Quadratic error R(\) £ E¢[[x(y; A) — x||? Z EcR(y; \) X unknown

Theorem (Stein, 1981)

Let (y; ) — Xx(y; \) an estimator of x
= weakly differentiable w.r.t. y,

= such that ¢ — (X(x + ¢; \),¢) is integrable w.r.t. (0, p°I).
R(y: ) 2 [R(yi ) = yII* + 202 (0,%(y; \)) — p?P
= R(A) = E¢[R(y: A)].
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Generalized Stein Unbiased Risk Estimate

Observations y = ©x +¢ € R?, x € RV, © : RP*N and ¢ ~ N(0, &)

E.g. the estimators ﬂ(ﬁ; A, ) with free or co-localized contours
log £ = > (h,7) +¢ ¢~N(0.5)  R=[h-h|?

(hv) > {log(a)h+ v}, LTS 11k (hv) > (h0)

Projected estimation error  Rp(A) £ E¢ || TIx(y; A) — ITx||?
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Generalized Stein Unbiased Risk Estimate

Observations y = ©x +¢ € R?, x € RV, © : RP*N and ¢ ~ N(0, &)

E.g. the estimators ﬂ(ﬁ; A, ) with free or co-localized contours
log £ = 4(h,¥) +¢ ¢~N(0.5)  R=[h-h?

:(h,v) > {log(a)h+ v}, LTS 11k (hv) > (h,0)

Projected estimation error  Rp(A) £ E¢||TIx(y; A) — ITx||?

Theorem (Pascal, 2020)

Let (y; A) — X(y; A) an estimator of x
= weakly differentiable w.r.t. y,

= such that ¢ — (IIx(x + ¢; A), AC) is integrable w.r.t. (0, S).
R(A) 2 |A(@X(y; A) - y)II” +2tr (SATTIO R(y; A)) — tr (ASAT)
= Ru(A) = E¢[R(A)].
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Parameter tuning (Grid search)

(E, V) (L; )\, @) = argmin ZHIog L, —log(a)h — v||* +\Q(Dh,Dv; )
h,v 2

h: true regularity h: unknown!

R(\a) = [[A(£: A, 0) - BH2 R,e(L: ) al S)
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Parameter tuning (Grid search)

(E, ?) (L; )\, @) = argmin ZHIog L, —log(a)h — v||* +\Q(Dh,Dv; )
h,v 2

h: true regularity

—~ _12
73(X,a)::Hh(C;A,a)——hH

h: unknown!

R,e(L: )\ a|S)

15000

10000

log;o(A)

log;o(N)

5000

2
log,()
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Parameter tuning (Grid search)

(E, ?) (L; )\, @) = argmin ZHIog L, —log(a)h — v||* +\Q(Dh,Dv; )
h,v 2

h: true regularity h: unknown!

R(\a) = [[A(£: A, 0) - BH2 R,e(L: ) al S)

i logyy(A)
log;o(N)

log,()
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Parameter tuning (Grid search)

(E, ?) (L; )\, @) = argmin ZHIog L, —log(a)h — v||* +\Q(Dh,Dv; )
h,v 2

h: true regularity h: unknown!

R(\a) = [[A(£: A, 0) - BH2 R,e(L: ) al S)

i logyy(A)
log;o(N)

log,()
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Parameter tuning (Automatic selection)

(E, ?) (L; )\, @) = argmin ZHIog L, —log(a)h — v||* +\Q(Dh,Dv; )
h,v 2

h: true regularity h: unknown!

R(\a) = [[A(£: A, 0) - BH2 R,e(L: ) al S)

(’X(]N.‘ an‘)

i logyy(A)
log;o(N)

log;(a)

25/48



Automated selection of regularization parameters

(R ?) (L; \, @) = argmin ZHIog L, —log(a)h— v|?+ \Q(Dh,Dv; )
h,v 2

hF(C; AT, at) hF (L X ath) BF(ﬁ AaN_ )
(grid) (grid) (quasi-Newton)

N O B
olole

225 calls of the estimator over the grid v.s. for quasi-Newton 26,48

Example




Part I: Fractal texture segmentation

Take home messages

Fractal texture model based on local regularity and variance

* appropriate for real-world texture characterization
* complementary attributes able to finely discriminate
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Part I: Fractal texture segmentation

Take home messages

Fractal texture model based on local regularity and variance

* appropriate for real-world texture characterization
* complementary attributes able to finely discriminate

Simultaneous estimation and regularization

x significant decrease of the estimation error
x accurate and regular contours thanks to co-localized penalization

Fast algorithms for automated tuning of hyperparameters

x possibility to manage huge amount of data
* amenable to process data corrupted by correlated Gaussian noise
+ ensured objectivity and reproducibility
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Part Il: Point processes in time-frequency analysis



Time-frequency analysis of nonstationary signals

y : R — C function of time.
e electrical cardiac activity,

e audio recording,
€ e seismic activity,

e light intensity on a photosensor

—20 —-10 0 10 20 e ...

Information of interest:

— time events e.g., an earthquake and its replica
— frequency content e.g., monitoring of the heart beating rate
ever-changing world waves, oscillations, rhythms
marker of events and evolutions intrinsic mechanisms
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Time-frequency analysis of nonstationary signals

Short-Time Fourier Transform with window h:

Viy(t,w) £ / y(u)h(u — t) exp(—iwu) du

— 00

0.0

y(t)

—0.1

—20 —10 0 10 20

Energy density interpretation

400 ) dw 400 ) ] )
[Vay(t,w)|” dto— = x(t)Fde i [hll; =1

— 00

Signal, i.e., information of interest: regions of energy.
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Denoising in the time-frequency plane

snr = 2

+o0 d
Inversion formula  y(t) = // Viy (u,w)h(t — u) exp(iwu) duz—w
oo ™

spectrogram

only maxima

10

—10 0
t
noisy observation

estimate
0.1

y(t)

0.05
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y(t)
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—20 —10 0 10 20
t
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Denoising in the time-frequency plane

snr = 0.5

+o0 d
Inversion formula  y(t) = // Viy (u,w)h(t — u) exp(iwu) duz—w
oo ™

spectrogram
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t
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()
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Maxima detection: reassignment, synchrosqueezing, ridge extraction
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Unorthodox time-frequency analysis: spectrogram zeros

snr = 2
Restriction to the circular Gaussian window: g(t)

— 1/4e—t)2

Look for the zeros, i.e., the points (t;, w;) such that |Vyy(t;,w;i)|” =0

0.03 R

3 0.02 [N
1

0.01 JK
20 10 0

.0 R e WU s,
20 0 1o
t
Observations: (Flandrin, 2015)

20
t

e In the noise region zeros are evenly spread.

e There exists a short-range repulsion between zeros.
e Zeros are repelled by the signal.
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Unorthodox time-frequency analysis: spectrogram zeros

snr=0.5
Restriction to the circular Gaussian window: g(t)

— 1/4e—t)2

Look for the zeros, i.e., the points (t;,w;) such that |Vyy(t;,w;i)|” =0

0.03 [

3 0.02 8
)

0.01
—20 —10

0,00 MO
0 10 20 -
t

20
Observations: (Flandrin, 2015)

0 2
t

e In the noise region zeros are evenly spread.

e There exists a short-range repulsion between zeros.
e Zeros are repelled by the signal.
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Unorthodox time-frequency analysis: spectrogram zeros snr =15

Restriction to the circular Gaussian window: g(t) = = 1/4e=t/2

Look for the zeros, i.e., the points (t;,w;) such that |V,y(t;,w;)|* = 0.

-5 —70 0 10 0 —20 —10 0 10 20
t t

N

Observations: (Flandrin, 2015)
e In the noise region zeros are evenly spread.
e There exists a short-range repulsion between zeros.

e Zeros are repelled by the signal.
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Unorthodox time-frequency analysis: spectrogram zeros snr =15
Restriction to the circular Gaussian window: g(t) = = 1/4e=t/2

Look for the zeros, i.e., the points (t;,w;) such that |V,y(t;,w;)|* = 0.

0 0 0 0 TIo0 —10 0 10 20
t t

S}
r

Observations: (Flandrin, 2015)
e In the noise region zeros are evenly spread.
e There exists a short-range repulsion between zeros.

e Zeros are repelled by the signal.

What can be said theoretically about the zeros of the spectrogram?
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Unorthodox time-frequency analysis: spectrogram zeros
Idea assimilate the time-frequency plane with C through z = (w + it)/v/2

0.03 K.
3 0.02 1

0.01

B
—20 —10 0 10 20
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Unorthodox time-frequency analysis: spectrogram zeros

Idea assimilate the time-frequency plane with C through z = (w + it)/v/2

Bargmann factorization

ng(t, (U) _ e—|zl2/26—iwt/2By(Z)

Z] - 1[] o ---.. i 1[] — [l

Bargmann transform of the signal y

By(z) = r1/4e=7/2 / y(u) exp (\ﬁuz - u2/2) du,
R

By is an entire function, almost characterized by its infinitely many zeros:

2
1
o) - smeraeroe [ (1- 2o (243 (2)).
Zn zy 2\ 2z,

neN
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Unorthodox time-frequency analysis: spectrogram zeros

Idea assimilate the time-frequency plane with C through z = (w + it)/v/2

Bargmann factorization

ng(t, (U) _ e—|zl2/26—iwt/2By(Z)

. . "
D OO S. ..
20 —10 0 10 20

Theorem  The zeros of the Gaussian spectrogram Vgy(t,w)
e coincide with the zeros of the entire function By,
e hence are isolated and constitute a Point Process,
e which almost completely characterizes the spectrogram.
(Flandrin, 2015)
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Unorthodox time-frequency analysis:

spectrogram zeros snr =2

-20 —10

—20 —10 0 10 20
t

Advantages of working with the zeros

e Easy to find compared to relative maxima.

e Form a robust pattern in the time-frequency plane.

e Require little memory space for storage.

e Efficient tools were recently developed in

Need for a rigorous characterization of the distribution of the zeros.
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The zeros of the spectrogram of white noise

Continuous complex white Gaussian noise

£(t) = iﬁ[n]hn(t), &[n] ~ Ng(0,1),  {h,, k=0,1,...} Hermite functions
n=0

-20 —10 0 10 20
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The zeros of the spectrogram of white noise

Continuous complex white Gaussian noise

£(t) = i{[n]hn(t), &[n] ~ Ng(0,1),  {h,, k=0,1,...} Hermite functions
n=0

<0
-20 —10 0 10 20
t
Theorem Vgﬁ(t,w) = e_lz‘2/4e_iwt/2 GAF¢(z2) (Bardenet & Hardy, 2021)
o0 Zn
GAF¢(z) = Zf[n]— is the planar Gaussian Analytic Function.
n=0 \/m
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The zeros of the planar Gaussian Analytic Function

non-vanishing

Vgé(t,w) o< GAF¢(2)

z=(w+it)/V2

Zeros of GAF¢: random set of points, i.e., a Point Process
characterized by a probability distribution on point configurations

Properties of the Point Process of the zeros of GAF¢:

e invariant under the isometries of C, i.e., stationary,
e has a uniform density p()(z) = pV) = 1/x,
explicit pair correlation function p(?)(z,2') = g(|z — Z/|),

scaling of the hole probability: r~*log p, — —3e?/4, as r — 0o

pr = P (no point in the disk of center 0 and radius r)
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The zeros of the planar Gaussian Analytic Function

1.0
©
=0.5

SY

0.0

non-vanishing

Vgé(t,w) o< GAF¢(2)

z=(w+it)/V2

Zeros of GAF¢: random set of points, i.e., a Point Process

characterized by a probability distribution on point configurations

Poisson
Ginibre

— GAF¢

0

r

2

Pair correlation  p®(z,2/)dzdz’ =

P (1 point in B(z,dz) and 1 in B(Z',dZ’))

The point process of the zeros of the spectrogram is not determinantal.
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Signal detection based on the spectrogram zeros

e Hp white noisy only, ie., y(t) =&(t)
e H; presence of a signal

i.e., y(t) =snr x x(t) +£(t), snr>0

—20 —10
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Signal detection based on the spectrogram zeros

e Hg white noisy only, ie., y(t) =&(t)
e H; presence of a signal i.e., y(t) =snr x x(t) +£&(t), snr>0

¥}

—20 —10 0 10 20




Signal detection based on the spectrogram zeros

A functional statistic: the F-function

F(r)=P ( infzd(zo,z,-) < r) : empty space function
FAS

0151
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Signal detection based on the spectrogram zeros

A functional statistic: the F-function

F(r)y="P ( igfzd(zo,z,-) < r) : empty space function

LM igo 5
Fn=-—-%"1 < inf d(z,z) < r)
N# ; z€Zeros J 0.0
0.0
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Signal detection based on the spectrogram zeros

A functional statistic: the F-function

F(r)y="P ( igfzd(zo,z,-) < r) : empty space function

0.0
0.0 0.5 1.0

Ny

~ 1

F(r)= N, Zl <zei2efmsd (z,2) < r)
j=1

» Monte Carlo envelope test based on the discrepancy between F and Fo
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Signal detection based on the spectrogram zeros

o] <ol WWWWWW e

20 10 [ 10 20 10 u 10 20 10

N =128 N = 256 = 512 N = 1024

Performance: power of the test computed over 200 samples

10 X low detection power
~¢- Fourier .

08 X requires large number of samples
0.6
04 % 0.03
0.2 30,02
0.0 . g 001 |48

128 256 512 1024 el -

N :

Limitations:
e necessary discretization of the STFT: arbitrary resolution R
e observe only a bounded window: edge correction to compute F(r)
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Other Gaussian Analytic Functions, other transforms?

Short-Time Fourier Transform

Vgé(t,w) o< GAFc(z) = Zf[n]

New transform?

? chAﬁgn::éégw] (g)z"
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Algebraic interpreteation: covariance under a symmetry group

Time and frequency shifts Wity (u) = e “y(u —t)

V[ Wy I(t', o) V" o7 =ty (0 — w),

Coherent state interpretation

Vh}/(tvw) = <)/7 W(t,w)h>

{Witw)h, t,w € R} covariant family

Weyl-Heisenberg group  {e” Wiy, (7, t,w) € [0,27] x R2}

Wi oy Wit o) = € Weter otoon)-
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The Kravchuk transform: covariance under SO(3)
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The Kravchuk transform: covariance under SO(3)

Coherent state interpretation ~ y € CN*1

Ty(ﬁ7 90) = <y7 lI’(ﬁ,ap)>

Ue [Ovﬂ]aQD € [0’271—]
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The Kravchuk transform: covariance under SO(3)

Coherent state interpretation ~ y € CN*1

Ty(ﬁ7 90) = <y7 lI’(ﬁ,Lp)>

9 €[0,7], ¢ € [0,2n]

SO(3) coherent states (Gazeau, 2009)

N n N—n
N v o in
Wy, = E (n> (COS §> (sm §> "™ qn = Ru0,0)¥(0,0):
n=0
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The Kravchuk transform: covariance under SO(3)

Coherent state interpretation ~ y € CN*1

Ty(,ﬂ7 @) = <y7 lI’(ﬂ,Lp)>

¥ € [0, 7], € [0,27]

SO(3) coherent states (Gazeau, 2009)

N n N—n
N 0 . v in
Uy, = E <n> (cos 2> (sm 2> e qn = Ru(9,0)¥(0,0);
n=0

Kravchuk transform {gn,n=0,1,..., N} the Kravchuk functions
1 N N
Ty(z) = ——— Y, qn ( )z", z = cot(9/2)e'?
&= T e () 0/2)
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The Kravchuk transform: covariance under SO(3)

Kravchuk transform {g,,n=0,1,..., N} the Kravchuk functions

Ty(z) = WZ” ai[ (52" 2= corto/2)e

(t)

Contributions

e rigorous link: TE&(z )(Iaw)

-N
(1+1z]2) GAFg(2)
e design of a robust implementation avoiding to compute (y, g,)

e spatial statistics on the sphere using the chordal distance: IA-"(r)
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Signal detection based on the spectrogram zeros

20 -0 [ 10 20 200 -0 [ 10 20 20 -0 [ 0 20 20 -0 [ 10
t

N =128 N = 256 N =512 N = 1024

y(t)

Performance: power of the test computed over 200 samples

1.0
-4~ Fourier
0.8 Kravchuk
0.6
@ v’ higher detection power
0.4
} v/ robust to small number of samples
0.2 e
0.0 H— e ¥
128 256 512 1024
N

e intrinsically encoded resolution: no need for prior knowledge
e compact phase space: no edge correction
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Part Il: Point Processes in time-frequency analysis

Take home messages

a novel covariant discrete transform

* interpreted as a coherent state decomposition
x zeros of the Kravchuk spectrogram of white noise fully characterized

signal processing based on spectrogram zeros

* preliminary work using the zeros of the Fourier spectrogram
x significant improvement using the Kravchuk spectrogram

Work in progress and perspectives

» convergence of the Kravchuk spectrogram toward the Fourier spectrogram

» interpretation of the action of SO(3) on CN*!

» design of a FFT counterpart to compute the Kravchuk transform
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Detection of the zeros of the Kravchuk spectrogram

&
S
>
— 0
RS 2
. g
o
- o
> =
3
=
n =
i =
Al = .
N 50 ===+ theoretically N zeros
i 1 —&— Minimal Grid Neighbords
® 0 i i

10° 10°

Fim2 $im1 P i Pin2 resolution of phase space

Minimal Grid Neighbors
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Monte Carlo envelope test

Purpose: summary statistic s, such that E[s(y)|Ho] = 0, E[s(y)|H1] > 0

Test settings
® Level of significance «
® Number of samples under the null hypothesis m
® Index k, chosen so that o = k/(m+ 1)

Monte Carlo strategy

(i) generate m independent samples of complex white Gaussian noise;
(ii) compute their summary statistics s; > s, > ... > sp;
(i) compute the summary statistics of the observations y under concern;
(iv) if s(y) > sk, then reject the null hypothesis with confidence 1 — «.
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