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Textured image segmentation

Goal: obtain a partition of the image into K homogeneous textures
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Goal: Recover quantity of interest X from observation y.
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Two paradigms for inverse problems

Goal: Recover quantity of interest X from observation y.

Unsupervised
1. propose a model:
y=M@x)+¢
2. balance model & constraints
— variational approach:

X = argmin D(y, M(x)) + AR(x);

3. fine-tune hyperparameters

—» statistical arguments:

A~ argmin E[D(x, X)]
X
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Piecewise monofractal model

Fractals attributes

2

= variance o amplitude of variations

= local regularity h scale invariance

|F(x) = F(y)] < o (x)|x — y|")
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Segmentation

» o2 and h piecewise constant

» region Q characterized by (02, hy)
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Application to breast cancer detection

Observation: local regularity reflects health of breast tissues
(Marin et al., Medical Physics, 2017)

Mammogram Local regularity (WTMM)

Microenvironment analysis via

density fluctuations

Healthy < structured

- h < 0.5: negative correlations

- h > 0.5: positive correlations

Prone to cancer < unstructured

: absence of
correlations
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Multiscale analysis
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Multiscale analysis

Textured image Local maximum of wavelet coefficients: £, .

Scale a=21 a=2?

Proposition (Jaffard, 2004), (Wendt, 2008)

log (£La,)
log(L,.) ~ log(a) h + v =
0 regularity  clog(o?)
(variance) | — og(@)
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Direct punctual estimation

Linear regression  log(L,.) ~log(a) h

regularity

Amax

2R R .
h v ) = argmin log (L.
( in 3 log (£s,)

a=3amin

~LR

Textured image Local regularity h

oclog(o?)

—log(a)h — v|

~LR
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Direct punctual estimation

Linear regression Elog(L,.)=log(a) h + v
_— 7 regularity  log(o?)
expected value

Amax

~LR __ i
(h ) VLR) = argmin Z |log (L,,.) — log(a)h — v||§
h,v —
a=amin
. . oLR ~LR
Textured image Local regularity h Local power v

— large estimation variance
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Proximal algorithms for image processing:

Texture segmentation based on fractal attributes in a variationnal framework



A posteriori regularization

Smootbhing filter (linear)

(l n ADTD>_1#R

~LR
Linear regression h Smoothing
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A posteriori regularization

Smootbhing filter (linear) Regularization (nonlinear)

~LR

—1 ~LR
Q+ADTD) h argmin || — h 15 + R(h)

~LR
Linear regression h Smoothing
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Enforcing piecewise constancy

aim: enforce piecewise behavior of estimate

~LR
argmin |h—h |3 + ATV(h)
h

(n1,m2) (m1,ms+1) Discrete difference operator

L] ® L] 1 hnyn +1 — Aoy on
Dh —— 1,2 1,12
H ( )nl,nz 2 hn1+1,n2 - hnl,nz
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Enforcing piecewise constancy

aim: enforce piecewise behavior of estimate

~LR
argmin |h—h |3 + ATV(h)
h

(n1,m2) (m1,ms+1) Discrete difference operator

L] ® L] 1 hnyn +1 — Aoy on
H Dh _ = 1,2 1,2
v ( )m,nz 2 <hn1+1’n2 _ hnl,nz

[ ] [ ] [ ]
(TLl + 1,712)

Total Variation penalization TV(h)

N—-1N—-1

DAL= > I(HA)w 0| + (V)

n1:1 n2:1
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Functionals minimization

.. LR >
minimize lh—h |5

Quadratic norm

N p-strongly convex

+

A |[Dhly

Total Variation
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Functionals minimization

. LR o
minimize lh—h |5 + A ||Dhlj1

Quadratic norm Total Variation

N p-strongly convex nonsmooth

» gradient descent h"™™ = h" — 7V(h")
» implicit subgradient descent: proximal point algorithm
hn}l _ hn TU”. un c (};(h”‘l)
& h" = (1+ 799) " (h") := prox,(h")

» (accelerated) proximal splitting algorithms: split ||-||3, ||-]l» and D

FISTA Chambolle - Pock
proximity operator ProX.||. ||, proximity operator ProX.|i.|; Dand DT
~LR
gradient of |[DT - —h I proximity operator prox =~

R
=k 2
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Proximal splitting algorithms for TV denoising

aim: enforce piecewise behavior of estimate

~LR
argmin |[h—h |5+ ATV(h)
h

FISTA in the dual
(Fast Iterative Soft Thresholding Algorithm)

init g,8 € R4
for n=0,1,...
un+1 _ (I _ ’YDDT)EH + '_thLR
n+1 n+1
g™ = prox, iy p,)- (4"

Tpl = bfl(n + b)
g =g"+7 (-1 (g"" —g")

h = hLRf DTgoo

|
—

ProX, (x| ;) (X)

Chambolle-Pock

(Accelerated thanks to strong-convexity)

init B, h° € R g € R?
for n=0,1,...
g™ = prox,, .- (8" + onDh")

n+1 n T _n+l
= proxTnH._/’;LR”2 (h -mD' g + )

2
0 =+/142um,

Tn+l = Tn/gm Ont1 = 0non
’—1n+1 _ hn + 0n (hn+1 _ hn)

)
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Total Variation regularization

Smoothing filter (linear) TV denoising (nonlinear)
-1 R . ~LR
(l + ADTD) h argmin |[h —h |2+ ATV(h)
h
~LR
Linear regression h Smoothing TV denoising Segmentation

4

Stein-like automated data driven selection of regularization parameter A

(Pascal et al., J. Math. Imaging Vis., 2021)
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Neural network based deep learning:

Unrolled proximal algorithm for supervised texture segmentation



Unrolled proximal algorithms

Deep neural network [Le Cun, 1990], [Goodfellow et col., 2016]

by b, bNmax
input ouput
y — W; J—> M o—e e = W, J—> Mo —e - -—>WNmXJ—>nNmEX—>?:NN(y;ﬁ)
1% layer nt layer last layer

elementary layer: xln = Nn (W,,x["*ll + b,,), W,, linear, b, bias and 1, nonlinear

learned weights: 9 = {(W,, b,,)},’:”:“iX
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Unrolled proximal algorithms

Deep neural network [Le Cun, 1990], [Goodfellow et col., 2016]

by bNmax

bn
input ouput
y— W m —- - |-— W, M —e|s «—>Wp .,

Mmax —> x = NN(y; 9)
1% layer

n™ layer

last layer
elementary layer: xln = Nn (W,,x["*ll + b,,), W,, linear, b, bias and 1, nonlinear

learned weights: 9 = {(W,, b,,)},’:”:“iX

v ability to represent highly complex data; very good performance
X lack of interpretability and robustness; large training dataset required

init g € R?9
for n=0,1,...

un+1 — (l _ 'yDDT)g" +,thLR

+1 __ +1
g™ = prox, (yjy+ (4™)
h= AR _ DT g
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Unrolled proximal algorithms

Deep neural network [Le Cun, 1990], [Goodfellow et col., 2016]

by b, B
input ouput
y— W, J—> m —e fe— w, J—> {/J—— -—>WNmaXJ—>nNmEX—>?:NN(y;ﬁ)
1% layer n' layer last layer

elementary layer: xln = Nn (W,,x["*ll + b,,), W,, linear, b, bias and 1, nonlinear

learned weights: 9 = {(W,, b,,)},’:”:“iX

v ability to represent highly complex data; very good performance
X lack of interpretability and robustness; large training dataset required

forn=0,1,... dataht®—— 3 D ISTA in the dual

un I*(lf"DD )gn ’thIR N

il _ orox ’ (u” } 1) initialization isLt;mate h=

- Y(-l) g’ —&>1-+DD" PO (Al )T — DT ghmax
1

h=hR_ DTg\

repeat Npax times
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Unrolled proximal algorithms

datahtR—— 5 +p ISTA in the dual
initialization estimate/l; =
~LR
g ——1—~DD" PrOXy (x| i)*—T> h — D ghmax
1

repeat Npax times

Neural network from unrolling of ISTA: Deep ISTA Hloc

e linear operator W,: | — DD x = proxyi. i, (x)

— decouple filters D! and D in a given layer; -y e

— decouple filters DE;] at different layer; t t >
. - . [1]. v
— ~n implicitly learn in D;";
~LR
e bias b,: DA unorthodox “input" t saturation _t
® 7)n : proxy., = HardTanhy (Le et al., EUSIPCO, 2022)

16/21



Unrolled proximal algorithms

data HR

initialization estimate h =
_ ~LR
g% 8" —>1-+DD" PrOXy (I )*=T=>h — D ghmax
1

Lemmmmmmmmmmmmmm== Tin

—_—> 7D FISTA in the dual

repeat Npax times

Neural network from unrolling of FISTA: Deep FISTA Hloc (DFH)

e linear operator W,: | — DD x = proxyi. i, (x)

— decouple filters D! and D in a given layer; -y e

— decouple filters DE;] at different layer; t t >
. - . . . . . v
— ~n implicitly learn in Dy”; inertia parameter 7,;
~LR
e bias b,: DA unorthodox “input" t saturation _t
® 7)n : proxy., = HardTanhy (Le et al., EUSIPCO, 2022)
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Unrolled proximal algorithms

datahtR—— 5 +p FISTA in the dual

initialization estimate h =
_ ~LR
g% 8" —>1-+DD" PrOXy (I )*=T=>h — D ghmax
1

Lemmmmmmmmmmmmmm== Tin

repeat Npax times

Neural network from unrolling of FISTA: Deep FISTA Hloc (DFH)

e linear operator W,: | — DD x = proxyi. i, (x)

— decouple filters D! and D in a given layer; -y e

— decouple filters DE;] at different layer; t t >
. - . . . . . v
— ~n implicitly learn in Dy”; inertia parameter 7,;
~LR
e bias b,: DA unorthodox “input" t saturation _t
® 7)n : proxy., = HardTanhy (Le et al., EUSIPCO, 2022)

v interpretable operations
v y+— NN(y;9) Lg-lipschitzien (Combettes et al., SIAM J. Math. Data Science, 2020)

v versatile: similarly for Chambolle-Pock = Deep Strong-convexity Hloc (DSH) y
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Synthetic textures: design of the database

End-to-end learning

textured image y

underlying segmentation x B E B g
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Fractal texture segmentation

linear regression hR
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Synthetic textures: design of the database

End-to-end learning

textured image y

Fractal texture segmentation

linear regression h'R e !

- _ ‘ -— u
true regularity h ° <
A® - .

Config. I: HL = 0.5, H, = 0.8 easy Config. Il: H1 = 0.5, H> = 0.65 difficult
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Training neural networks stemming from unrolled algorithms

e training on 2000 images in Config. |
e implementation and training with PYTORCH
e minimization of the quadratic empirical loss with ADAM

500 epochs; learning rate 10~*

—DnCNN
—FISTA
—ScCP

PRI [T P

0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500
Epochs Epochs
training loss testing loss

= more stable during training; faster training; possible to reduce the database size?
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Variational approach vs.unrolled algorithms

~(LR ~(TV ~(DnCNN ~(DFH
h( ) h( ) h( ) h( )

DSH

~(LR) ~(TV) DnCNN) (DF ) A(DSH)

h Seg. h Seg. h
‘“ f F“os
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Estimation and segmentation performance

Two complexities
e 5.10% Ny, = 13 layers; D} containing |F| = 21 filters

e 3.10% Nnyax = 45 layers; DL'] containing |F| = 37 filters
State-of-the-art denoising neural network DnCNN

e 5.10% < 9 layers of DnCNN;

e 3.10* < 10 layers of DnCNN;

Training on Config. I; testing on 100 images in Config. | and 100 images in Config. Il

[ TV-Stein [ DnCNN5.10° [ DFH 5.10° [ DFH 3.10° | DSH 5.10° | DSH 3.10°
Estimation error

0.339£-0.048 | 0.113£0.011 | 0.07320.008 | 0.069::0.007 | 0.072+0.007 | 0.069:0.007

0.115£0.011 | 0.120£0.012 | 0.116£0.012 | 0.119£0.012

Config. 1 |
Config. Il [ 0.306+0.029 [ 0.1454+0.014

Segmentation score
Config. | [ 83.742.68 [ 81.0+1.73 [ 94.84+0.45 [ 95.240.41 [ 94.840.42 [ 95.31+0.41
Config. 1| 732+51 | 684£136 | 70.74£2.65 | 70.9+2.67 | 68.3%2.74 | 70.6+2.71
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Application to breast cancer detection

Observation: local regularity reflects health of breast tissues

(Marin et al., Medical Physics, 2017)

Mammogram Local regularity (WTMM) Total Variation (TV-Stein)
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