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Collaboration

This course is a direct adaptation of the course built by
Jean-Christophe Pesquet (CentraleSupélec) and Nelly Pustelnik (LPENSL)
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Reconstruction of a piecewise noisy signal

Ground truth

xRN
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Reconstruction of a piecewise noisy signal

Ground truth Gaussian noise with o = 0.04
x e RN y=x+£6cRV
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Purpose: recover the true signal with sharp transitions
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Denoising by functional minimization

Regularized scheme D: differential operator, || - | p: £p-norm

~ 1
X(y;iA) € Argmin S |[x — y5 + AlIDx][?
xERN
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Denoising by functional minimization

Regularized scheme D: differential operator, || - | p: £p-norm

~ 1
X(y;iA) € Argmin S |[x — y5 + AlIDx][?
xERN

Tikhonov regularizer |Dx]||3

Smooth: gradient descent
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Denoising by functional minimization

Regularized scheme D: differential operator, || - | p: £p-norm

X(y; A) € Argmin —HX — vz + XIDx]3

xERN
Tikhonov regularizer |Dx]||3 Total Variation |Dx|;
Smooth: gradient descent Nonsmooth: proximal algorithm
1 i——Denoised signal 1
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Formulation of the problem

Piecewise denoising

~ 1
X(y: A) € Argmin =[x — y|13 + AlIDx|1
xeRN 2
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Formulation of the problem

Piecewise denoising

~ 1
x(y;A) € Argmin Z||x — yl3 + AlDx|x
xeRN

> Smooth data-fidelity f(x) = %HX—)’H%
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Formulation of the problem

Piecewise denoising

~ 1
X(y: A) € Argmin =[x — y|13 + AlIDx|1
xeRN 2

1
» Smooth data-fidelity f(x) = EHX —yl3
» Non-smooth regularizer ~ h(Lx) = A||Dx||1, with h(z) = \||z|1
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Formulation of the problem

Piecewise denoising

1

x(y;A) € Argmin Z||x — yl3 + AlDx|x
xeRN

- 1
> Smooth data-fidelity f(x) = EHX—)’H%

» Non-smooth regularizer ~ h(Lx) = A||Dx||1, with h(z) = \||z|1

General form:

X € Argmin {f(x) + h(Lx) = f(x) + g(x)}

xERN

f smooth; h and g = h(L-) nonsmooth.
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Optimization algorithm: Forward-Backward

Let H be a Hilbert space.
Let f € To(H) be differentiable with a v-Lipschitzian gradient where v € ]0, +oc].
Let g € To(H).

Let v €]0,2/v[ and § = min{1,1/(vy)} + 1/2.
Let (An)nen be a sequence in [0, 9] such that } _\ An(0 — \y) = +00.

Assume that Argmin(f + g) # @. Let xo € H and

Yn = Xn — YVI(x5)

Xn+1 = Xn + An(PTOX, ¥ — Xn)-

(Vn eN) {

Then, (xn)nen converges weakly to a minimizer of f + g .
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Example: bounded least-squares

Observation model:
y=Ax+¢{eRP,

linear operator A € RPN, & Gaussian noise, ground truth x € RN, sit.

Vie{l,...,N}, m<x <M

Bounded least-squares C={xeRN|Vi, x € [m,M]}
f(x)

-——— -

1
X € Argmin = |y — Ax|)3
2
x€C

- 1
< X€ Argmin Z|ly — Ax|5 + tc(x)
XERN 2 ml IM
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Optimization algorithm: projected gradient

Let H be a Hilbert space.
Let f € To(H) be differentiable with a v-Lipschitzian gradient where v € ]0, +oc].

Let C a nonempty closed convex subset of H and Pc¢ the projection on C.

Let v €]0,2/v[ and 6 = min{1,1/(vy)} + 1/2.

Let (An)nen be a sequence in [0, d[ such that > An(d — Ap) = +o0.

neN

Assume that Argmin,.cg(x) # @ . Let xp € H and

n — Xn — f n
(v € N) Yn = Xn = YVF(xp)
Xn+1 = Xp + )\n(PCyn - Xn)'

Then, (xp)nen converges weakly to a minimizer of g over C .
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Optimization algorithm: gradient descent

Let H be a Hilbert space.
Let f € To(H) differentiable with a v-Lipschitz gradient, v € ]0, +oc].

X2

A

Le v €]0,2/v].

Assume that Argmin f # &. Let xp € H and

(Vn e N) Xnt1 = Xn — YV (Xn)

+

X1

Then, (xn)nen converges weakly to a minimizer of f .
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Optimization algorithm: Douglas-Rachford

Let H be a Hilbert space.
Let felo(H) and g € To(H) .

yn = pI'OX,ngn
(Vn € N) Zy = prox,¢(2yn — xn)
Xn+1 = Xn + )\n(zn - yn)'
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Optimization algorithm: Douglas-Rachford

Let H be a Hilbert space.
Let felo(H) and g € To(H) .

Let v € ]0, +oo[ and let (A\;)nen a sequence in [0,2] s.t. >0y An(2—Ap) = +oo.

Assume that Argmin(f + g) # @ . Let xo € H and
Yn = DProX, Xp
(Vn € N) Zy = Prox.¢(2yn — xn)
X1 = Xo + Aa(Zn — Yn)-
The following properties are satisfied:
box, = X

> zp—Yn—0,ys = ¥, 2z, = ¥ where y = prox_,X € Argmin(f +g) .
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Optimization algorithm: Douglas-Rachford

Let H and G be two finite dimensional Hilbert spaces.
Let g € To(H) and L € B(G,H) s.t. L*Lis a isomorphism .

Let v € ]0,+oo[ and let (A;)nen a sequence in [0,2] s.t. >y An(2—A,) = +00.
Assume that Argmin(go L) # @ . Let xo € H, vo = (L*L)"1L*x and

Yn = PIOX,gXn

¢ = (L*L) 1Ly,

Xn+1 = Xn + An(L(2¢n — V) — yn)
Vil = Vi + An(Cn — Va)-

(VneN)

We have then v, — V where v € Argmin(go L) .
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Optimization algorithm: Douglas-Rachford

Sketch of proof:
L V) < minimi
minimize g(Lv) minimize te(x) + g(x)

where E = ran L.
We apply Douglas-Rachford algorithm with
f = g = prox,r = Pg by setting

(Vn e N) Peyn, = Lc, and Pgex, = Lv,

where ¢, = argmin ||y, — Lc||?> = (L*L)"1L*y,.
ceH



Optimization algorithm: Douglas-Rachford

Particular case of Douglas-Rachford algorithm:
H=H1 X Hm where Hy, ..., H, Hilbert spaces
(Vx = (x1,...,xm) € H) g(x) =3, &gi(xi)

where (Vi € {1,...,m} g € To(H;)

L:ve (Lyv,..., Lyv) where (Vi € {1,...,m}) L; € B(G, H,).
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PPXA+ algorithm
Let (xo,i)1<i<m € H, vo = (31, LiL) 3T Lixo,; and
Yni = ProX, g Xni, 1 €{l,...,m}
n = L ! Ly n,i
(VHEN) ¢ (le i ) Z,l iYn,
Vol = Vo + An(Cn — Vn)-

We have then v, — V € Argmin) ", gjolL; .

Xot1,i = Xni + )\,,( i(2ch — vp) — y,,,,-), ied{l,...,

m}
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Optimization algorithm: Douglas-Rachford

Particular case of Douglas-Rachford algorithm:

H=H1 X - Hpn where H1 = ... = H,, Hilbert spaces
(Vx = (x1,...,xm) € H) g(x) = >, &gi(xi)

where (Vi € {1,...,m} g; € To(H;)

L:ve (Lyv,...,Lpv) where Ly = ... = L, =1d.

PPXA algorithm

Let (x0,i)1<i<m € H, vo = £ 37 xo,i and

Yn,i = ProX, gz Xni, i €{l,...,m}

Cn = i 2ty Ymi

Xnt1,i = Xn,i + An (2C,, -V, — y,,v,-), ie{l,...,m}
Vil = Vi + An(Cn — V).

(Vn € N)

We have then v, — V € Argmin_ ", g; .




14/17

Optimization algorithms

Forward-Backward f+h fi gradient Lipschitz [Combettes,Wajs,2005]
proxy,
ISTA i+ f fi gradient Lipschitz | [Daubechies et al, 2003]
fr = All- I
Projected gradient A+ 6 fi gradient Lipschitz
f=1c
Gradient descent A+ 6 fi gradient Lipschitz
=0
Douglas-Rachford i+ f prox, [Combettes,Pesquet, 2007]
prox;,
PPXA > fi proxg. [Combettes,Pesquet, 2008]
PPXA+ > fiol; prox, [Pesquet, Pustelnik, 2012]
L)



https://pcombet.math.ncsu.edu/mms1.pdf
https://arxiv.org/abs/math/0307152
https://pcombet.math.ncsu.edu/jstsp1.pdf
https://pcombet.math.ncsu.edu/inv2.pdf
http://perso.ens-lyon.fr/nelly.pustelnik/pdf/pjo2011.pdf
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ISTA: Iterative Shrinkage-Thresholding Algorithm

Sparse estimation

Let y € RN some noisy observation of a pulse signal and consider the estimator:

= o1
X(yiA) € Argmin o |}x — I3+ Allxlla
xERN

Ground truth Gaussian noise with o = 0.1
xeRN y=xX+¢eRN
- - Original signal

05 ‘ — Original signal 05 — Noisy signal |t
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ISTA: Iterative Shrinkage-Thresholding Algorithm

Sparse estimation

Let y € RN some noisy observation of a pulse signal and consider the estimator:

N 1
K(y;A) € Argmin S{lx — |3 + Allx|x
xERN

1
Let £(x) = 5[x = yII3 and g(x) = Allx[}1.
1. Compute the gradient of f.
2. Let v > 0, compute the proximity operator prox..

3. Give the expression of the proximity operator prox, .
4. Write the Forward-Backward scheme computing X(y; A).

5. Write the Douglas-Rachford scheme computing X(y; A).
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ISTA: Iterative Shrinkage-Thresholding Algorithm

Standard ISTA-like algorithm to minimize F(x) = f(x) + g(x)
f differentiable with S-Lipschitz gradient and v €]0,2/4].

Forward-backward algorithm
Xpt1 = ProX,, (Xo — YV £f(xn)).
Convergence rate:

F(x,) —min F = F(x,) — F(X) <

SHie)

with C > 0 a constant depending on the characteristics of the problem.
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FISTA: Fast lterative Shrinkage-Thresholding Algorithm

Accelerated ISTA to minimize F(x) = f(x) + g(x)
f differentiable with S-Lipschitz gradient and v €]0,2/4].

Forward-backward algorithm with inertia

Yn = ProX., (xn — YV 1(xn))

1+ /1 +4¢2
tn—l—lzf
t,—1
Xnt1 = Yn + :'-1-1 (Yn — Yn-1)
n

Convergence rate:
C

n2

F(x,) —min F = F(x,) — F(X) <




