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TEXTURE SEGMENTATION

Segmentation task

k-means

Piecewise constant image

Monofractal scale invariant texture

Slope: fractal parameter h[Abry1995]
log (PSD)

log(scale)
High resolution necessary

Contributions (i) Segmentation based on scale-free parameters
(i) Effective implementation using strong-convexity
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Monofractal textures

Synthetic texture with constant local regularity

h=0.3 h=0.9
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Monofractal textures

Synthetic texture with constant local regularity

h=0.9

Mot N~

IDEA: fit local behavior with power law functions
If(x) — f(y)| < Clx — y|"™,  h(x) = 0.3 (left), 0.9 (right)
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Multiscale analysis

Estimation of local regularity

Wavelet transform and leader coefficients
(i) DWT of image X: w, ,(X) at scale a and pixel n,
(i) Local surpremum of |w, ,(X)|: L, ,(X) (leaders)

scale a

AN

pix’el n
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Piecewise monofractal textures
Synthetic data

Piecewise cst. vy  Piecewise cst. hg

5/17



Piecewise monofractal textures
Synthetic data

Piecewise cst. vy  Piecewise cst. hg Texture sample X

5/17



Piecewise monofractal textures
Synthetic data

Piecewise cst. vy  Piecewise cst. hg Texture sample X

o~

Lin. reg. Vreg Lin. reg. hreg

5/17



Piecewise monofractal textures
Synthetic data

Piecewise cst. v

Piecewise cst. hg

Texture sample X

Lin. reg. Vreg

Lin. reg. /l;reg

k-means on Vyeg

k-means on hyeg

X Linear regression estimator has a large variance (point-wise estimator)
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Optimization scheme - Monofractal model and piecewise constancy

(v, Z) € Argmin DF(v, h; £(X)) + A, TV(v) + Ay TV(h)
v,h
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Optimization scheme - Monofractal model and piecewise constancy

(v,ﬂ) € Argmin DF(v, h; £(X)) + A, TV(v) + Ay TV(h)
v,h

aim: enforce piecewise behavior of estimate

Discrete difference operator

° ° ° 1 /x — X
_ ny,na+1 ny,no
(DX)nl,ng 5 ( >

(n1,m2) (n1,ne+1) 2 \Xm+1,m = Xm,m
[ J [ ] @
v H Total variation penalization
R i . N—1N—1
(m +1,m2) TV(x) = [Dxllox = >_ > /(M3 o, + (VR0
m=1ny=1
Too small Optimal Too large
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Optimization scheme - Monofractal model and piecewise constancy

(v, Z) € Argmin DF(/, h; £(X)) + + A TV(h)
vh T
State-of-the-art - Segmentation on h only
1 ~
DF(h; £) = 5 [lh = hreg]3 DF(h,w; L) *Hh Zwa a3
v only one parameter A, X additional constraints on {w}a

V fast algorithms [Pascal2018] X time and memory consuming

|~ Primal dual
5 —- Block-coordinate
t\\ — Stong-convexity
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X poor segmentation performance \/ very good accuracy [Pustelnik2016]
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Optimization scheme - Monofractal model and piecewise constancy

(v, Z) € Argmin DF(v, h; £(X)) + A, TV(v) + Ay TV(h)
vh ———————=

Proposed data fidelity term - Joint segmentation on v and h

2
DF(v,h; L) 2Z||v—|—|og h—log L. |5

Objectives ® match scale-free behavior
® couple the estimation of v and h

® do not impose that v and h have same edges

\/ two features estimated jointly
\/ strong-convexity of DF: accelerated algorithm [Chambolle2011]
X two regularization parameters to tune
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Strong convexity

Definition
. . - 2.
© is a-strongly convex iff ¢ — §|||| is convex.
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Strong convexity

Definition
. . - 2.
© is a-strongly convex iff ¢ — §||H is convex.

Examples Kx o y —z > exp(|z)

v strictly convex v strictly convex
X not strongly convex v 1-strongly convex

Proposition
If © is differentiable

(i) Vx,y, (Vo(x) = Ve(y),x — y) > alx — y|?
= ¢ is a-strongly convex,

(ii) if Vo(x) = Lx —p,  Vx, (Lx,x) > a|x||?
= @ is a-strongly convex, with a the smallest eigenvalue of L.
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Strong convexity

(v, h) = Fa(v, h; £) + Av[[Dv|l2,1 + An|[Dhll2.1

7-convex convex
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(v, h) = Fa(v, h; £) + Av[[Dv|l2,1 + An|[Dhll2.1

?-convex convex

1 dmax
Falvshi £) = 3 3l +log(@)h —log £y 13 = IA(v. ) ~ og 1

where A : (v, h) — {v + log(a)h}, is linear.

VFa(v,h; £)=A"(A(v,h) —log L) = A*A(v, h) — A" log L

Lx P
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Strong convexity

(v, h) = Fa(v, h; £) + Av[[Dv|l2,1 + An|[Dhll2.1

?-convex

dmax

1
Fa(v.hi £) = 5 D v + log(a)h — log L. |3 = 1| A(v, h) ~ log L]}

amm

convex

where A : (v, h) — {v + log(a)h}, is linear.

VFa(v,h; £)=A"(A(v,h) —

Proposition

Fa(v, h; L) is p-strongly convex,
with p the smallest eigen value of
A*A.

log £) = A*A(v,

h) — A*log L

Lx

p

Strong-convexity constant

——ayin = 1
amin = 2
—Quadratic /
2 4 6 8 10

Largest scale log(aay)
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Accelerated primal-dual algorithm

[Chambolle2011] Customized for our objective function

Primal variable VH = (v, h), dual variable UL = (u, ¢)
def def
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[Chambolle2011] Customized for our objective function

Primal variable VH = (v, h), dual variable UL = (u, ¢)
def def

for k € N* do
// Update of primal variable
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Accelerated primal-dual algorithm

[Chambolle2011] Customized for our objective function
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def def

for k € N* do
// Update of primal variable
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Accelerated primal-dual algorithm

[Chambolle2011] Customized for our objective function

Primal variable VH = (v, h), dual variable UL = (u, ¢)
def def

for k € N* do
// Update of primal variable

VH[k+1] = proxakFA(.,L) (VH[k] _ JkD*m[k])

// Update of dual variable
ULIk+1] — PLOX, Al 15, (UL[k] + VkDVH[k])

// Update of descent steps
= (1 + 2/1,5k)_1/2, 5k+1 = 9,0k, Vg4l = l/k/'l9k

smaller larger

// Update of auxiliary variable

m[k+1] — YL+ 4o, (UL[k+1] _ UL[k])

end
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Duality gap

Measuring the convergence speed

Primal problem

X = argmin F(x) + G(Lx)

X
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Duality gap

Measuring the convergence speed

Primal problem Dual problem
X = argmin F(x) + G(Lx) y = argmax — F*(—L"y) — G*(y)
X y
P(x)
Duality gap
5(x;y) = F(x)+ G(Lx) + F*(—=L"y) + G*(y)
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Duality gap

Measuring the convergence speed

Primal problem Dual problem
X = argmin F(x) + G(Lx) y = argmax — F*(—L"y) — G*(y)
X y
P(x)
Duality gap
5(x;y) = F(x)+ G(Lx) + F*(—=L"y) + G*(y)

Characterization of the solution

i(x;y) = 0

prop.

10 /17



Computing the duality gap
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Computing the duality gap

(v,h; )
primal

= Fa(v,h; L)+ G(Dv,Dv) +

Data fidelity Penalization

Fa(v,h; £) = % Z”V +log(a)h — L, |3 G(Dv,Dh) = A/[[Dv|l2,1 + An[|Dhl[2,1
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Computing the duality gap

(v, h;u,l)
primal dual

= Fa(v,h; L)+ G(Dv,Dv) + Fx(—D"u, —D*¢) + G*(u, ¢)

Data fidelity Penalization

Fa(v,h; £) = % S llv -+ log(a)h — L. |3 G(Dv, Dh) = Au[Dv|lo,1 + Asl|Dh2x

a

Fa(~=D"u,-D"0) =7 G (u,€) = t5, ., (\)(U) + L5, () ()

B2,oc(N): ball of radius A w.r.t. ||.]]2,00
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Convex conjugate of data fidelity term

Fi(v,h;£)=  sup  (v,v)+ (h h) — Fa(V, h; L).
VERI2 heRIQl
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Convex conjugate of data fidelity term

Fi(v,h;£)=  sup  (v,v)+ (h h) — Fa(V, h; L).
VERI2 heRIQl

Euler condition

{ v—>, (VJrIog(a)l_)rogEa,,) =0 —  A'A (?) _ (v—l—S)
h— 3, l0g(a) (7 + log(a)h — log £,.) = 0 ’

S = Z log L, and T = Z log(a) log L,,.,
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Convex conjugate of data fidelity term

Fi(v,h;£)=  sup  (v,v)+ (h h) — Fa(V, h; L).
VERI2 heRIQl

Euler condition
- v+ h—logL, )= v
CEe e () (i)
h—3",log(a) (V + log(a)h —log L,.) =0
S = Z log L, and T = Z log(a) log L,,.,

- B m o aea (Sl ST
¥m={0,1,2}, Sp = (loga)”, A'A= <51]I 52H>

a
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Convex conjugate of data fidelity term

Fi(v,h;£)=  sup  (v,v)+ (h h) — Fa(V, h; L).
VERI2 heRIQl

Euler condition
vfza(VJrlog(a)l_)flogEap):0 N vy [(v+S
_ = AA)=lheT
h—3"log(a) (v + log(a)h — log L,.) =0
S = Z log L, and T = Z log(a) log L,,.,
m " Sol 541
Vm={0,1,2}, Sp=» (loga)”, A*A= (5‘;]1 55)

a

Fi(v.hiL) = %((v, B, (A*A) "L (v, b)) + (S, T), (A*A) (v, h)) +C

where C constant term only depending on L(X).
12 /17
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i) Generate a synthetic texture X from (v, ho)

Piecewise constant vy Piecewise constant hg Texture sample X
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Performance assessment
Experiments on synthetic data

i) Generate a synthetic texture X from (v, ho)

Piecewise constant vy Piecewise constant hg Texture sample X

ii) Solve the minimization problem

(V, Z) = argmin DF(v, h, £(X)) + A\, TV(v) + A\ TV(h)
v,h

iii) k-means on v and h separately with k = 2
iv) Re-estimation of v and h and computation of the error (SNR)
v) Repeat ii) to iv) for different A, and A, ...
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Results on synthetic data

v first row, h second row

Linear regression
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Results on synthetic data

v first row, h second row

Linear regression  Disjoint TV Proposed TV Seg. disjoint Seg. Proposed

SNR(v,w) | 27496 9.9722 10.2854 8.0758  8.0241
SNR(h,ho) | -5.3411 -4.2501 -4.1325 0.14181 0.24025
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The experiment
PhD thesis of Marion Serre under supervision of Valérie Vidal

Multiphasic flow:
® porous media (solid)

e water (liquid)
® air (gas)

Hele-Shaw cell (quasi-2D)
® homogeneous liquid flow

® 9 gas injectors at the bottom

® height = 30cm, thickness = 2mm 2D flow gas & liquid
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Proposed TV: s Proposed TV: h

Arbelaez et al Yuan et al Disjoint TV Proposed TV
T




Prospects and future works

® automated tuning of regularization parameters A,, Ap,

D VNo N: number of points,
s Aopt = T o: std of noise
[Diimbgen2009]

2D: ?
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Prospects and future works

® automated tuning of regularization parameters A,, Ap,

D VNo N: number of points,
s Aopt = T o: std of noise
[Diimbgen2009]

2D: ?

® use the same data fidelity term into other models

Mumford-Shah min/ \ufg\QdX—l—/ [Vul]? dx + H(K)
uK Ja\k Q\K
® studying multifractal textures

L= 1A,

Thank you for listening, | will be glad to answer your questions !
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